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ABSTRACT

This thesis consists of two main parts. The first part concerns zero cycles on abelian varieties
and their relation to some Milnor type K-groups. In chapter 1 we recall some basic properties
of Milnor K-groups and their generalizations, the Somekawa K-groups. The main result of
the first part is presented in chapter 2, where we construct, for an abelian variety A over a
field k, a decreasing filtration {F"},>q of the group C'Hy(A) having the property that the
successive quotients F”/F "+l are isomorphic after ®Z[%] to a Somekawa type K-group.
We then focus on the case when the base field is a finite extension of Q. Using the above
filtration, we prove some results of arithmetic interest about the structure of the albanese
kernel, the kernel of the cycle map to étale cohomology and the Brauer-Manin pairing. The
results of this chapter are gathered in one paper, [14].

Chapter 3 serves as a bridge between the first and the second part of this thesis. In
this chapter we work with smooth quasi-projective varieties, introducing Suslin’s singular
homology group and Wiesend’s tame class group. The latter group is a first generalization
in higher dimensions of the generalized Jacobian varieties of a smooth projective curve.
Using these two geometric invariants, we generalize the main theorem of chapter 2 for semi-
abelian varieties. We close the chapter by providing some motivation towards a more general
reciprocity theory.

The second part concerns a newly developed theory about reciprocity functors introduced
by Ivorra and Riilling in [20]. This theory generalizes the theory of Rosenlicht-Serre about
local symbols on commutative algebraic groups. In particular, we will see that every reci-
procity functor M has local symbols corresponding to any smooth complete curve C' over
a field k. These local symbols induce a complex (C). In chapter 4 we focus on the case of
a smooth complete curve C' over an algebraically closed field £ and we compute under two
assumptions the homology of the local symbol complex in terms of K-groups of reciprocity
functors. We then close the thesis by providing important examples where the assumptions

are satisfied. The results of this chapter are gathered in one paper, [15].
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CHAPTER 1
INTRODUCTION-BACKGROUND

1.1 Zero cycles

1.1.1 Definition of CHy and first properties

Let X be a smooth variety over a field k. The group of zero cycles Zy(X) is the free

abelian group @ Z on all closed points of X. My main object of study is a quotient of this

reX
group, namely the group C'Hy(X) of zero cycles modulo rational equivalence. In particular,

CHy(X) is the quotient of Zy(X) modulo the subgroup generated by divisors of functions,
div(f), where f is a function in the function field of some closed integral curve C' < X. The
group C'Hy(X) is a fundamental geometric invariant of the variety with many remarkable

properties. Here we mention only a few.

1. The group C'Hy(X) is covariant functorial with respect to proper maps and contravari-

ant functorial with respect to finite flat maps.

2. In particular, if X is smooth and proper variety over k, the push forward of the structure
morphism X — Speck induces a degree map deg : CHy(X) — Z that sends the class
[z] of a closed point x € X to the degree of the residue extension [k(x) : k]. We denote

by Ag(X) the subgroup of degree zero cycles.

3. The group C'Hy(X) is a birational invariant and therefore it provides a tool to show

that certain varieties are not isomorphic to the projective space.

4. When X is a smooth complete curve over k, the group C Hy(X) coincides with the
Picard group, Pic(X), of isomorphism classes of line bundles on X. When X has a

k-rational point, the celebrated Abel-Jacobi map gives an isomorphism Pic(X )O —

Jx (k) between the degree zero subgroup of Pic(X) and the k-rational points of the



Jacobian of X. In particular, we see that the group C'Hy(X) = Pic(X) recovers the

genus.

1.1.2 The Albanese map

There is a higher dimensional analogue of the Abel-Jacobi map. Let X be a smooth projective
variety over k having a k rational point P. There is a unique abelian variety Alby, called the
Albanese variety of X, and a unique morphism ¢ : X — Albx taking P to the zero element
of Alby, satisfying the following universal property. If f : X — B is a morphism from X
to an abelian variety B taking P to the zero element of B, then f factors uniquely through
. The map ¢ induces a group homomorphism alby : Ayg(X) — Albx (k), not depending on
the k-rational point P, called the Albanese map of X.

In higher dimensions the Albanese map is not always injective. The first notable example,
constructed by Mumford [29], is a smooth projective surface with positive geometric genus.
We will denote T'(X) := ker(albx ). Determining the structure of 7'(X) is a very interesting
but rather hard problem that is the subject of many famous conjectures. For example when
k is an algebraic number field, the Bloch-Beilinson conjectures predict that 7'(X) should be
finite. On the other hand when k& = C or a p-adic field, T(X) is expected to be enormous in
some cases, for example when X is a surface with py(X) > 0. For a more detailed description
of the properties of the group C'Hy(X) we refer to [5] for the case of an algebraically closed
field and to the following two surveys of Colliot-Thélene, [9] and [10], for arithmetic fields.

We note that T'(X) captures almost all the difficulty in determining the structure of

CHp(X). When X has a k-rational point, we obtain a filtration

CH()(X) D) Ao(X) D) T(X)

with the first two quotients well understood. In most cases it is not at all easy to even find

generators for T'(X), not to mention relations. One of the methods used in order to approach



some of the big conjectures mentioned above, is to extend the filtration C Hy(X) D Ag(X) D
T(X) D F3 > --- such that the successive quotients have specific generators and relations.

In order to illustrate the nature of this method, we give the following example.

Example 1.1.1. Let X = (1 x (9 be the product of two smooth projective curves over a
field k. The Albanese variety of X is just the product of the two Jacobians, Albx = J1 X Js.
Let zg,z1 € C1(k) be fixed k-rational points and similarly yg,y; € Ca(k). It is a simple

computation to verify that

[(z1,y1)] = [(x1,90)] — [(z0, y1)] + [(z0,%0)] € T(X).

In this case we can therefore describe distinguished generators of 7'(X). The question that
arises though is whether this zero cycle is rational or not. An interesting approach was
considered by W. Raskind and M. Spiess in [31]. In this paper they prove that the Al-
banese kernel is isomorphic to some Milnor-type K-group, namely the Somekawa K-group,
K(k; J1, Jo) attached to the Jacobians Jq, Jo. The advantage of their method is that this
K-group has specific generators and relations. They in fact show something much stronger.
For X = (7 x --- x C, any product of smooth complete curves, they construct a finite de-
creasing filtration {F"},>0 of CHy(X) with all the successive quotients isomorphic to some

Somekawa K-group.

The first project of the current thesis is highly inspired by the method introduced by
Raskind and Spiess. In chapter 2 we will construct a decreasing filtration {F"},>q for the
group C'Hy(A), where A is an abelian variety over a field k. This filtration will satisfy a
similar property as the one constructed by Raskind and Spiess.

In the following section we introduce the Milnor K-groups, KM (k), of a field k and their

generalization, the Somekawa K-groups.



1.2 Somekawa K-groups

1.2.1  The Milnor K-groups of a field

Let k£ be a field. For » > 0, the Milnor K-groups, Kﬂw(k), are defined as follows.

KM (k) =7
KM (k) = k>

E* @ k>
Ky' (k)

:<x®(1—x),x7é1>

r
—

B -0 k"
<@ @, pitaj=11<i<j<r>

KM (k)

r

Notation 1.2.1. The elements of K ?M (k) are traditionally denoted as symbols. In particular,

if 2; € kX for 1 <i <, the class of z1 ® --- ® 2, in KM (k) is denoted by {z1,--- ,z;}.
The Milnor K-groups satisfy two important properties.

1. If L/K is a finite field extension, then there is a norm map Np, /g KM(L) - KM(K)
which satisfies the following property. If £ D L D K is a tower of finite extensions and

we have elements z; € E* for some i € {1,---,r} and z; € L™ for every i # j, then

{z1,--+ Npyp(xi), - ar} = Ngyjp({respyp (1), -+ i, - respyp(ar)}),

where Np ), E* — L* is the usual norm map of fields and resgp L* —
E* is the natural restriction. This property is usually referred in the literature as

Projection Formula.

2. If C' is a smooth complete curve over k, then there is a complex

>eec N
SO M (g,



This second property is usually referred in the literature as Weil reciprocity.

Remark 1.2.2. The map 0 is called the tame symbol. We will not need its precise definition,
but in order to justify the name Weil reciprocity, we define it for {f, g} € Ké\/[(kz(C’)), where

f,g9 € k(C)*. In this case, the tame symbol 0, at a closed point z € C' is defined as
ax({f; g}) _ ((_1>ordz(f) ordz(g)fordr(g)gf ordr(f))<x)

Note that the function h = (—1)0rd=(f)orde(g) orda(g) g—orda(f) ¢ ()% has the property

ordz(h) = 0, so we can evaluate it at the point x.

Kato and his student Somekawa in [37] made the remarkable observation that the pro-
jection formula and the Weil reciprocity ”determine” the Milnor K-group. This will become
more specific in section 1.2.3. Before that, we need to briefly review some facts about Mackey

functors.

1.2.2  Projection Formula-Product of Mackey functors

In this section we will discuss more about the projection formula. A Mackey functor M is a
covariant functor from the category of finitely generated field extensions of k to the category
of abelian groups such that for every finite extension L/k there is also a push-forward map
M(L) — M(k), satisfying certain functoriality properties. For a precise definition see for
example (3.2) in [31].

Let G be a commutative algebraic group over k. Then G induces a Mackey functor. In
particular if L/k is a finite extension, then there is a natural restriction map resy, k- G(k) —
G(L) as well as a trace map Try 4, : G(L) — G(k). We note that if the group law in G is
written in multiplicative notation, the trace is replaced with a norm Ny, ;. : G(L) — G(k).
The Mackey functors form an abelian category with a tensor product defined by Kahn [21].

We review the definition of the product here.



Definition 1.2.3. Let M1, --- , M, be Mackey functors over k. Let L be a finitely generated

extension of k. Then,

M M
(M1 Q) QML) == (P ML) Q) - Q) M (L))/R,
L'/L
where the sum is extended over all finite extensions L’ of L and R is the subgroup generated
by the following family of elements:
If L ¢ K C E is a tower of finite field extensions and we have elements z; € M;(E) for

some i € {1,---,r} and z; € M;(K), for every j # i, then
1@ @ Trg (1) @ @ar —resg g (21) @ @2; @ resg g (zr) € R

Remark 1.2.4. We note here that for a finite field extension L/k and for a commutative
algebraic group G, the trace map Try, Jk is really a trace in the usual sense. For example if

L/k is a Galois extension with Galois group Gy, then the trace map Try /. : G(L) — G(k)

is defined as Try, ;. (z) = Z gzT.
9eGy,

Notation 1.2.5. Let My, -+, M, be Mackey functors. The generators of the product
M M
(M ® e ®Mr)(k) will be denoted as (mq, - -+ ,mr)f 1, where m; € M;(L).

M M
Since M1 ® e ® M, is again a Mackey functor, for a finite extension L/k there is a

trace map, Trj, /k defined as follows.

M M M M
Try, ) - (M Q)+ Q) M) (L) = (M ) -+ Q) M) (k)

(m1, - mn)pp = (M, mn) gy



Moreover, if j : k < L is any field extension, then to define the restriction map

M M M M
resp (M1 @)+ @) Ma) () = (My &)+ @) M) (L)

we consider a generator (ai,---,an)g; of (M; ®®Mn)(k), where k'/k is a finite
extension. We can write &’ ® L = []/".; B;, where B; are Artin local rings over L of length
e;, for i = 1,--- ,m. The residue field L; of B; is a finite extension of L, for i =1,--- 'm

and an extension of k/. We define:

m
resp ((at, -+ an)p ) = Zel resy, /pr(a1), - resy, r(an)) g, /-
=1

M M
Notice that if L/k is a finite extension of k and (ay,- -, an)p; € (M ® e ® My)(k),

then we have:

Trpp(vesp g ((at, -+ an)pyr)) = [Ls k(@ -+ an)p g

Remark 1.2.6. Using this new set-up of Mackey functors, we can restate the projection

formula of the Milnor K-group KTM (k) as follows. For every r > 0 we have a surjection

r
N

M M
G Q)+ Q) Cm) (k) — KM (k).

1.2.3 The Somekawa K-groups

In this section we give an alternative description of the Milnor K-groups KM (k). This
description will give rise to generalizations, namely the Somekawa K-groups. For r > 0 we

define a new K-group KJ.(k) as follows.



T
A

Definition 1.2.7. We define K/.(k) := (G, ® e ®Gm)(k)/R where R is generated by
the following family of elements. If C' is a smooth complete curve over k and we have

functions gg, g1, - , gr € k(C)* with disjoint supports, then we require

> Niyk(0i(g0@ -+ ®gr)) € R,

zeC
where
93(90@ - ®@gr) = (91(2), -+, 0290, 90)s -+ 9r(¥)) () /()
if x is in the support of g; for some ¢ = 1,--- | r, and
03(90 @ -+~ @ gr) := ordz(g0)(g1(2), -+, 9i (@), - () () /()
otherwise.

In the above definition, d; is the tame symbol defined in remark 1.2.2.

Somekawa in [37] proved an isomorphism K. (k) ~ KM (k). The advantage of looking
at the Milnor K-groups in this way is that the definition 1.2.7 can be generalized to more
general algebraic groups, as long as we can describe a Weil reciprocity. Somekawa gave
a definition of a K-group K(k;G1,---,Gy) attached to semi-abelian varieties over k. A

semi-abelian variety GG over k is an extension of an abelian variety by a torus,

0T —->G—=A—=0.

His definition has been generalized to include also some additive variants by Hiranouchi [18].
However, as it turned out Somekawa’s original definition was not very suitable for geometric
applications. Some more suitable variants have been introduced by Kahn and Yamazaki in

[22] and by Ivorra and Riilling in [20]. We will discuss about these variants in a later section



of this thesis. In the case G; is an abelian variety for every ¢ € {1,--- ,r}, all the different
definitions agree. This is the case we will be interested in in the next chapter, so we review

this definition here.

Definition 1.2.8. Let Ay, ---, A, be abelian varieties over a field k. The Somekawa K-group
K(k;Aq,---, Ay) attached to Ay, .-+, Ay is defined as

K(k; A1, An) = [ AL(K) @ ... @ An(K))/R,
Kk
where the sum extends over all finite extensions &’ D k and R is the subgroup generated by

the following two families of elements:

1. If L D E D k are two finite extensions of k and we have points a; € A;(L), for some

i €{1,2,..,n}, and a; € A;(E), for all j # i, then
a1 ®...0 Trp pla;) ® ... ® an — resL/E(al) ®..Qa;®...0resy plan) € R

2. Let K/k be a function field in one variable over k. Let f € K* and z; € A;(K), i =

1,...,n. Then we define

Z ordy(f)(sp(71) ® ... ® sy(zp)) € R,
v place of K/k
where the sum extends over all places v of K over k. If v is such a place, the morphism
Sy is the specialization map A;(K) — A;(ky), where k, is the residue field of the
place v, and is defined as follows: Let K, be the completion of K with respect to
the valuation v and O, be its ring of integers. The properness of A; over k yields

isomorphisms A;(Ky) ~ A;(Oy), for all i = 1,...,n. Further, we have a natural map



A;(Oy) — Ai(ky) induced by O, — ky. This gives,

Aj(K) — 4;(Ov)

N

Ai(kv)a

res

where the horizontal map is the composition 4;(K) — A;(Ky) — A;(Oy).

The above definition is precisely the definition introduced by Somekawa (after a sugges-
tion of Kato). Let us rewrite the definition of K(k;Ay,---,A;) in a more geometric way.
We will see in a later chapter that this more geometric version will give rise to variants of

the Somekawa K-group.

Definition 1.2.9. Let Ay, --- , A, be abelian varieties over a field k. The Somekawa K-group
K(k; Ay, -+, Ay) attached to Aq,--- , A, is defined as

M M
K(kQAla te 7Ar) = [(Al ® '®Ar)(k)]/R7

where R is generated by the following family of elements. Let C' be a smooth complete
curve over k such that we have elements g; € A;(k(C)), for every i € {1,--- ,r}. Since A;
is proper, each inclusion g; : Spec(k(C)) < A; extends to a morphism g; : C' — A;. Let

f € k(C)* be a function. We require

S~ orda(£)(g1(2). 29 (@))riay i € R-

rzeC

Notation 1.2.10. 1. The elements of K(k;Aq,..., Ap) will be from now on denoted as
symbols. In particular if &' /k is a finite extension and a; € A;(k’) foreveryi =1,--- ,r,

then the class of a1 ® - - - ® a, in K(k; Ay, -+, A;) will be denoted by {aq, ..., an}kz’/k-

———
2. If Ay = Ay = --- = A, then we introduce the notation K,(k; A) = K(k; A,..., A).

10



Functoriality.

Let L/k be a finite extension of k. Then the trace map of Mackey functors descends to a

trace map

TrL/k‘: K(L;Al XkL,...,An XkL)—>K<k;A1,...,An)

{al,...,an}E/L — {al,...,an}E/k.

Similarly, if 7 : kK — L is any field extension, then the restriction map defined in section 1.2.2

descends to a map

resyp + K (ki A1, ..., An) = K(L; Ay X L, ..., Ap X L).

1.2.4 The Galois symbol

Let Gq,---,G, be semi-abelian varieties over a field k. Let n > 1 be an integer invertible

in k. For every ¢ € {1,--- ,r} we consider the Kummer sequence for G,
0 — G;[n] —>G2‘L>Gi—>0,

which is a short exact sequence of étale sheaves on Spec(k)er. This induces a long exact
sequence in Galois cohomology, and in particular we obtain a connecting homomorphism 9 :
Gi(k) — H'(k,G;[n]). Let L/k be a finite extension. The cup product and the Corestriction

map of Galois cohomology induce a map

GI(L) @ ®Gp(L) —2L H'(L,G1[n] ® - - - @ Gy[n))

X
x lCOTL/k

H"(k,G1[n] @ - - ® Gr[n)).
11



Somekawa proved (prop. 1.5 in [37]) that the composition s, factors through the Somekawa
K-group K(k;G1,---,Gy)/n. To give an explicit description of sy, if {ag,--- aar}k;’/k is a
generator of K (k;Gq,---,Gy), then

K<k7G17 7G7’)

Sn - — H'(k,G1[n] ® - -- @ Gy[n]).

{ar, -+ ar}p g — Corpp(01(ar) U---Udr(ar)).

Remark 1.2.11. The above map is traditionally called the Galois symbol and it is a gen-

eralization of the Galois symbol map for Milnor K-groups, KM (k) — H" (k, u£"). The

famous motivic Bloch-Kato conjecture [6] predicted that the latter map is an isomorphism.

The case r = 2 was first conjectured by Milnor in [27] and it was proved by A. Merkurjev
and A. Suslin [24], who later prove also the r = 3 case [25]. The general case was proved
by V. Voevodsky in a sequence of papers (see for example [41], [42]) and nowadays this

isomorphism is called the the norm-residue isomorphism Theorem.

The generalized Galois symbol s, was conjectured by Somekawa to always be injec-
tive. However this has been disproved by M.Spiess and T.Yamazaki, who in [39] give a
counterexample of a non-split torus 7" that has the property that the Galois symbol map
K(k;T,T)/n =2 H2(k, T[n]®2) is not injective. It is an interesting question whether the
only counterexamples are given by non-split tori. Examples where the injectivity holds

include [30], [44], [17).

1.2.5 Notation

1. If k is a field, we denote by k its algebraic closure.

2. If L D kis any field extension and X is a variety over k, we denote by X7 = X X.Spec L

its base change to L.

3. If = is any closed point of X, we denote by k(x) its residue field. Moreover, if X is
12



irreducible, we denote by k(X) the function field of X.

. Let C be a smooth complete curve over a field k and P € C a closed point. We write

ordp for the normalized discrete valuation on k(C') defined by the point P.
. If B is a discrete abelian group, we denote by B* the group Hom(B, Q/Z).

. If X is a smooth variety, and F is an abelian sheaf on the étale site of X, we denote
H"(X,F), r > 0, the étale cohomology groups of X with coefficients in F. In the
special case when X = Speck, we denote H"(k,F) the Galois cohomology of k (or

equivalently the étale cohomology on Spec k).

. For an abelian variety A over k and n any integer, we denote by A[n] = ker(A — A)

the n-torsion points of A. Further, we denote by 121\, the dual abelian variety of A.

. For abelian groups A, B we will write for simplicity A ® B instead of A ®7 B.

13



CHAPTER 2
A FILTRATION OF CHy FOR AN ABELIAN VARIETY

2.1 Introduction

Let A be an abelian variety over a field k. We consider the Somekawa K-group K (k;A)
attached to r copies of A. In this chapter we study the relation between this group and
the group C'Hy(A) of zero cycles modulo rational equivalence on A. Both those groups are
highly incomputable, so our effort is focusing on obtaining some information for C Hy(A) by
looking at K(k; A) and vice versa.

We introduce the group Sy(k; A), which is the quotient of K (k;A) by the subgroup
generated by elements of the form {zq,- - ,xr}k//k — {xg(l), e ,xg(r)}k//k, where o is any
permutation of the set {1,--- ,r}. Moreover, for r = 0 we set Sy(k; A) = Z. In section 2.2 we
construct a decreasing filtration F” of the group C' Hy(A), such that the successive quotients
are "almost” isomorphic to Sy(k; A). In particular, the main theorem of this chapter is the

following.

Theorem 2.1.1. Let k be a field and A an abelian variety over k. There exists a decreasing

filtration {F"},>0 of CHy(A) such that there are canonical isomorphisms of abelian groups:

1 F"
@7" . Z[_] ®

~ 1
M — Z[=] ® Sr(k; A), r > 0.

Fr+l !

The first pieces of the filtration are FY = CHy(A), F1 = Ay(A) and F2 = ker(alby).

The advantage of our result is that it holds over any base field &, allowing us to obtain
different properties of CHy(A) by changing the base field. In the case of an algebraically
closed field k = k, the filtration F" coincides, after ®Q, with the filtration defined by S. Bloch

in [4] and independently by A. Beauville [3]. Recall that the filtration of Beauville-Bloch,

14



which we denote by G”, was defined (in the case k = k) as follows:

GUCHy(A) = CHy(4A),

GlCHy(A) =< [a] - [0] :a € A >,

G?CHy(A) =< [a+b] —[a] = [b] +[0] :a, b€ A >,

G3CHy(A) =< [a+b+c —[a+b—Ja+c]—[b+d +a] +[b]+[]—[0] :a, b, c€ A >,

r

G"CHy(A) =< Z(_1>r—j Z lay, + -+ ay],a; € A>.

7=0 1< <--<wy;<r

Beauville in fact showed that {G" ® Q} is the motivic filtration of C' Hy(A) arising from
the decomposition of the diagonal. Moreover, he conjectured that the successive quotients
(G /G™1) ® Q should have an expression as symmetric products of A, but he couldn’t find
the relations.

In section 2.3 we prove that our filtration F" and the Beauville-Bloch filtration agree
rationally, and therefore the symmetric expressions Beauville was expecting are provided by
our theorem 2.1.1, namely (G"/G™ 1) @ Q ~ S, (k; A) ® Q.

One other case of particular interest is when k is a finite extension of Q. A famous
conjecture of Colliot-Thélene predicts that for a smooth projective variety X over a p-adic
field k, the kernel of the Albanese map is the direct sum of a finite group and a divisible
group.

Using a computation of Raskind and Spiess ([31]), we prove that for an abelian variety A
over a p-adic field k£ with split semi-ordinary reduction, the quotients " /F' 741 are divisible
for every r > 3 and (F2/F3)® Z[%] is the direct sum of a finite group and a divisible group.
If we therefore knew that the filtration vanishes for some big enough r > 0, then we would
be able to establish the conjecture for odd primes p and for abelian varieties A with split

semi-ordinary reduction.

15



2.1.1 Main Results

Theorem (2.1.1) is build up from two main propositions. The first one provides the key point

in order to construct the filtration {F"},>q, while the second proves the isomorphisms.

Proposition 2.1.2. Let k be a field and A an abelian variety over k. For any r > 0 there

1s a well defined abelian group homomorphism

O, : CHy(A) —> Sy(k; A)

[a} — {a, a, ... ,a}k(a)/k,

where a 1s any closed point of A. For r =0, we define ®q to be the degree map.

Our next step is to define the filtration F” of C'Hy(A). We define FOCHy(A) = CHy(A)
r—1

and for r > 1, F"CHy(A) = ﬂ ker ®;. In particular, FYCHy(A) is the subgroup of degree
=0
zero cycles.

The next key step is to prove an inclusion F" D G", for every r > 0. Using this inclusion,

we prove the following proposition.

Proposition 2.1.3. Let r > 0 be an integer. There is a well defined abelian group homo-
morphism

F"’

\I}T : Sr,«(k,A) — m

.
{at, . artpye — > (U T T Y0 fayy e+ ay ),
7=0 1§V1<---<1/j§r

where the summand corresponding to j = 0 is (—=1)" Try /3,([0]yr). Moreover, the homomor-
phisms U, satisfy the property, ®, o V. = -rl on Sp(k; A).
r .
Note that the element Z(—l)’ni] Trp /1. Z [ay, + -+ + ay;]}y) is the distin-
7=0 1<y <<y <r

guished generator of G” corresponding to the r-tuple (z1,--- ,2,) € A(K') x -+ x A(K).
16



Theorem (2.1.1) follows easily by the previous proposition, since for every r > 0, the
1
inclusion ®, : F"/F™1 < S,.(k; A) becomes an isomorphism after ®Z[—] with inverse
r!
1

U,
rl

2.1.2 Corollaries

In section 2.3 we obtain various corollaries and properties of the filtration F”. We first
treat the case of an algebraically closed field k. In this case we prove that theorem (2.1.1)
holds integrally and as a consequence, the filtrations F" and G" coincide rationally over an

arbitrary base field k. We continue by describing a recursive algorithm to compute generators

of the group F" ® Z| ], for r > 1. Finally, we use the Galois symbol s, (see section

1
(r—1)!
1.2.4 for a definition), to obtain a cycle map to Galois cohomology

r /or+1 r
T i, \ Aln),

n

where n is any integer invertible in k.

2.1.8 The p-adic Case

In the last section of this chapter, we focus on the case when the base field k is a finite
extension of Q. Using a result of W. Raskind and M. Spiess, [31], we obtain the following

corollary.

Corollary 2.1.4. Let A be an abelian variety over a p-adic field k having split semi-ordinary

reduction. Then for the filtration defined above, it holds:
1. Forr > 3, the groups Fr/FT"'1 are divisible.
1
2. The group F2/F3 ® Z[§] is the direct sum of a divisible group and a finite group.

Using these divisibility results, we obtain important results about the kernel of the cycle

map to étale cohomology, pn : CHo(A)/n — H?(A, ,u%@d) (here d = dim A), and the kernel
17



of the map
CHy(A) @ Z[%] ~s Hom(Br(A), Q/Z) @ Z[%],

induced by the Brauer-Manin pairing <,>4: CHy(A) x Br(A) — Q/Z. We obtain the

following results.

Proposition 2.1.5. Let A be an abelian variety over k. Let n > 1 be an integer. Then the
cycle map py, when restricted to F3/n s the zero map. In the special case when A has split

multiplicative reduction, then ker(py) = Im(F3/n — CHy(A)/n).

Theorem 2.1.6. Let A be an abelian variety over k. The subgroup F3 is contained in the
kernel of the map
j: CHo(A) - Hom(Br(A),Q/Z).

If moreover A has split multiplicative reduction, then the kernel of the map

372 Hom(Br(A), 0/2) 0 211

CH()(A) ) Z[
: 9 1 : : 3 1 : 3 1
is the subgroup D of F* ® 2[5], which contains F° ® Z[i] and is such that D/(F° ® Z[é])

1
is the maximal divisible subgroup of F2/F3 ® Z[E]

We point out that our results concerning the cycle map and the pairing of C'Hy(A) with
Br(A) were motivated by a result of T. Yamazaki, who in [44] computes the kernel of the

map j : CHy(X) — Br(X)*, when X = C] x -+ x Cy is a product of Mumford curves.

Convention-Notation 1. Let k be any field and A a variety over k. If a is a closed point of
A, then a induces a unique k(a)-rational point a of Ak(a), and for the push-forward map
Try(a)y/k © CHo(Ag(a)) = CHo(A), we have the equality Try,) /z([al]) = [a].

If now k" D k(a) D k is a finite extension, then a can be considered by restriction as a
k'-rational point of A. We will denote by [a];s the class of [resys /i(a)(@)] in CHo(Ay). Note
that for the push-forward map Try, 3, « CHo(Ap) — CHo(A), the equality Try . ([a]y) =
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(k' : k(a)] - [a] holds. (See [13], section 1.4). The necessity of this remark will become

apparent in proposition 2.2.3.

2.2 The canonical Isomorphisms

In this section we define a filtration F"C' Hy(A) of C' Hy(A) and prove the existence of canon-
ical morphisms @, : F7/F™+1 — S, (k; A), and U, : S,(k; A) — F"/F™! for all r > 0, so

that ®, and ¥, become ”almost” each other inverses.

Proposition 2.2.1. Let k be a field and A an abelian variety over k. For any r > 0 there

1s a well defined abelian group homomorphism

[a} — {(l, a,... aa}k(a)/k'

Proof. For r = 0 we define &y : CHy(A) — Z to be the degree map. Let now r > 0 be a
fixed integer. We define a map Zy(A) O, Sy (k; A) first at the level of cycles as follows. Let a
be any closed point of A with residue field k(a). Then we define ¢,(a) = {a,a,. .., a}y(q) /-
To check that ¢, factors through rational equivalence, let C' C A be a closed irreducible
curve with function field K = k(C) and let f € K*. Let C be the normalization of C' and

let p

be the canonical map. We need to show ¢, (pi(div(f)) = 0. By the definition of ¢, we

19



obtain:

Sr(px(div(f)) = ¢r(D ordz(f)[k(x) : k(p(x))][p(x)]) =

Z ordz (f)[k(z) : k?;a))]{p(fvh s P@) () e =

xez(iordm(f){[k(x) k(p()lp(x), p(x), - -, p(@) () 1 =
§0rdx(f>{Trk(x)/k(p(:r))(resk(z)/k(p(m))(p(m))ap(x)a ,P() i (p(a)) ke =
gordx(f){resk(x)/k(p(x))(p(x))a X6k (2) /k(p(2)) (P(T)) () 0

veC

Let Spec K Iy & be the generic point inclusion and let x be a closed point of C. Let K. z be

the completion of K at the place v and Of _ its ring of integers. Then the diagram

Spec K —— Spec K

[

C

yields a K, -rational point pn, of A. The valuative criterion for properness gives a unique

Of,-valued point of A,

Spec K 2™ A

]

Spec Ok, — Spec k.

Then, we claim that for the specialization map s, corresponding to the valuation z, it holds

sz(PN) = 1Sy () /k(p(2)) (P(x)). To see this, we follow the composition
res

AK) =5 A(Ky) — A(Og,) > A(ks)

=P = Pe = TeSp(y) /k(p(a)) (P(T))-

20



This in turn yields:

r(px(div(f)) =D orde(F){resy () rip(e) @E)): - TeSk) () PE) by ik =

zeC

Z Ordz<f){5z(p77)a s 73x(p77)}k(x)/k = 07

:céé

where the last equality comes from the defining relation (2) of the K-group K, (k;A). We
thus obtain a homomorphism C Hgy(A) r, Sy(k; A) as desired.

]

Definition 2.2.2. We define a descending filtration F” of C'Hy(A) by FOCHg(A) = CHy(A)
r—1

and for r > 1, F" = ﬂ ker @;. In particular F1CHy(A) = Ag(A) is the subgroup of degree
7=0

zero elements.

Proposition 2.2.3. The filtration F"C Hy(A) just defined contains the filtration G"C Hy(A)
defined as follows:

GYCHy(A) = CHy(A),
G'CHy(A) =< Ty p(lalyy — 0) 1 a € A(H) >,
GQCH()(A) =< Trk//k([a + b]k" - [a}k/ — [b]k’ + [O]k’) ca, be A(k}/> >,

r

G"COHy(A) =< Y (~1)" Trge 1 Yo + o +aylp) tar,. . ar € A(K) >,
7=0 ISy <--<yi<r

where the summand corresponding to j = 0 is (—1)" Trk’/k([o]k’): and k" runs through all

finite extensions of k.

Proof. The claim is clear for r = 0. Let r > 1 and let aq,...,a, € A(K'). We denote by
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@ffl_l the map CHy(Ay) — Sp_1(k'; Ax}, k') defined as in proposition 2.2.1. We claim that:

r

St (YD I Ty Y0 e b ayly) =

j=0 1< <e-<y<r
r
— k'
Z(—l)T I g (P71 ( Z [av, + -+ ay])) = 0.
7=0 ISy <--<y;<r

The last equality is deduced by the multilinearity of the symbol {z1,...,z,_1} Ji! and the
fact that ®,_1 is a group homomorphism.

To justify the first equality, we need to verify the following commutativity

Trge (@ ([al)) = @1 (Trge g (alpo),

where a € A(K') is a k’-rational point of A. Notice that in general the residue field k(a)

might be strictly smaller than &’. (See Convention-Notation 1). We have,

Ty (OF () = Trg ({resy () (@), - resy () (@) o
= {respr k() (@), - - resp ) (@) F i -
Cr(Trp ilalp)) = e[k 2 k(a)] - [a]) = (K k(a){a, ... a}r(ay/n
={[+" : k(@)]a, - .., a}piay i = {T00 ji(a) TSk /(0 () @ - - @) () ik

= {resp k() (@), - - resp /() (@) b i -

]

Proposition 2.2.4. Let r > 0 be an integer. There is a well defined abelian group homo-

22



morphism

F'CHy(A)
Fr+1CHy(A)

{arankp — DD T Y0l e Fay ),
=0

1<y < <y;<r

where the summand corresponding to j = 0 is (—=1)" Trp /1. ([0]yr). Moreover, the homomor-

phisms U, satisfy the property, ®, oV, = -r! on Sp(k; A).
Proof. Step 1: We define a map

FTCHy(A)

U PAK) < AK) x -+ x AK) — T

K[k

,
(at, - ar) — > (1" Teg (Y [ay + -+ + av]p),
7=0 ISy <<y <r
where the direct sum extends over all finite extensions of k. Notice that the inclusion
Gt ¢ Frtl proved in proposition 2.2.3, forces the map U, to be multilinear, and thus we

obtain a well defined map

FTCHy(A)

U PAF) @ AR ) ® - @ A(K) — FrilCHy(A)

K /K

Step 2: We claim that the composition

/ / / \IIT‘ FTOHO(A) (I)r .
PAF) @ A )@ - @ AK)) =5 FCH(A) —5 Sp(k; A)
Kk
sends a1 ® -+ - ® ay to rl{aq,... var}k’/k' For, we observe that,

Zaz —{Zaz,.. Zal}k'//ﬂ_ Z Z Z{auv"'vair}k’/k

=1 11=1129=1 ir=1
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and by a combinatorial counting we can see that the only terms of this sum that do not get
canceled by @r(zg;é(—l)r_j(21§V1<...<Vj§,n[ay1 + -+ + ayjly)) are those where all the
aj, are distinct. Thus, using the symmetry of the symbol in Sy (k; A), we get all the possible
combinations of the set {aq,...,a,} without repetition, which are exactly r!.

Notice that the above property forces the elements of the form (a1 ® --- @ Trg / (a;) ®
- ®ar) and resgp(a1) ® - ®a; ® - @respp(ar) to have the same image under ¥,
where E' D L D k is a tower of finite extensions, a; € A(F) and a; € A(L), for all j # i.

For,

OroWr((a @ - @Trg/pla;) ®---®@ar)) =rHar,.... Trg/p(ai), ..., arkp g
= r!{resE/L(al), ey Qe ’reSE/L(@T)}E/k

= 0o Up(resp/p(a1) @+ ®a; @ -+ @resgr(ar)).

Step 3: Let K D k be a function field in one variable over k and assume we are given f € K*
and z1,...,z, € A(K). We need to show that
T

Z Ordv(f)(Z(—l)r_j Trk,,/k( Z [so(@uy) + -+ + Sv(l"Vj)]k:(v))) = 0.

v place of K/k 7=0 1<y <<yi<r

This will follow by the fact that for every place v of K over k, the map s, is a group

homomorphism and by the following lemma.

Lemma 2.2.5. For every v € A(K) it holds 3_, ordy(f) Try, 1. ([sv(2)]g,) = 0, where the

sum runs through all the places of K over k.

Proof. Let C be the unique smooth projective curve that corresponds to the extension K/k.

By the valuative criterion of properness, we obtain that the map x : Spec K — A factors
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through the generic point inclusion 7 : Spec K — (' as follows:

Spec K £— A
"
C.

Here the map = : C' — A is given by Z(v) = sy(x). Since T is proper, it induces a push-
forward map

Ty CH()(C) — CH()(A)

Since C'Hy(C') = Pic(C) and div(f) = 0 in Pic(C), this yields

Fuldiv(f) = 3 ordu(f) Trg, i[5 (@)]g,) = 0.

]

The last fact completes the argument that the map W, factors through K (k; A). Finally,

it is clear that if o is any permutation of the set {1,...,r}, it holds ¥,.({ay,...,ar}) =

v, F"

Ur({ag(1);- - -+ a5(r)})- Therefore, we obtain a morphism S (k; A) — 7T 88 stated in

the proposition.

Remark 2.2.6. We observe that for every » > 0 the image of the map ¥, is contained in

(G + F+1)/F™+1 Furthermore, the composition
Upo®y: (G + FHY P 5 Sk A) — (G + Frhy prtt
is multiplication by r!.
Corollary 2.2.7. The canonical map A(k) — Ki(k;G) sending a € A(k) to the symbol

{a}ty i is an isomorphism.
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Proof. 1t follows by lemma (2.2.5) that the inverse map

K1(k; G) — A(k)

{atp 1 — Trpyp(a)

is well defined. U

Our main Theorem now follows easily by the two previous propositions.

Theorem 2.2.8. Let k be a field and A an abelian variety over k. For the filtration

F"CHy(A) defined above, there are canonical isomorphisms of abelian groups,

1 F"

rl

~ 1
1 LGl @ Se(ki A), > L

1
with (IDT_l = —'\I/r. Moreover, the group F2C’H0(A) is precisely the Albanese kernel of A.
7!

Proof. Definition (2.2.2) gives that F™*1 = ker ®,|p. Thus, for every r > 1, we get an

exact sequence
F’/‘
Fr+l

P A
&Sr(k;A) — Sr(k; 4) — 0.

0
— Im (%)

Now notice that step 2 of proposition (2.2.4) yields an inclusion Im(®,) D r1S;(k; A). Thus
the group Sy(k; A)/Im(®;) is rl-torsion, which forces (Sy(k; A)/Im(P;)) ®Z[%] =0. We

conclude that after ®Z[F1T]7 the map ®, becomes an isomorphism with inverse W, = %\I/r.
Our next claim is that FQCHO(A) = keralb 4. Using the isomorphism A(k) = K (k; A)

(corollary 2.2.7), the claim follows immediately from the commutative diagram

CHy(A)/F22227 & Ky (k; A)

deg@alel /

Z& Ak),

and the fact that F?2 is precisely the kernel of &g @ ®.
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2.3 Properties of the Filtration

2.83.1 The case k =k

Proposition 2.3.1. If A is an abelian variety over an algebraically closed field k, then for

every r > 1 the groups F"CHy(A) @ Z| | and G"CHy(A) ® Z] | coincide.

1 1
(r—1)! (r—1)!
Proof. Notice that the statement holds trivially, if » = 1. Let r > 1. Since the base
field k is algebraically closed, the group Sy(k; A) is divisible, and we therefore have an

equality r!Sy.(k; A) = Sp(k; A). Thus, for every r > 1, we obtain an isomorphism, ®, :
1 | =
(r—1)"

for some r > 1. Call

Fr/F™1 =, S,(k; A). We will show by induction on r that F"CHy(A) ® Z|

G"CHy(A) @ Z] |. Assume F" @ Z| =G"®Z|

1 1 ] 1 ]
(r—1)! (r—1)! (r—1)!
O, : G" /G = S,.(k; A) the map induced by ®,. Notice that the map

U, Sp(k; A) — G /Gt
r
{al,...,ar} — Z(—l)r_j Z [al/l +.+ay]]
j=0

1<y <-<y<r
is well defined. The proof is essentially the same as the one of the well definedness of W,
(proposition 2.2.4). Namely, steps 1 and 3 of the proof apply directly in this setting, while
step 2 is a tautology, since there are no finite extensions of k, and hence no non-trivial

Trace-Restriction maps. We therefore obtain a commutative diagram as follows:

F" 1 ~ 1
71 ® Z[ﬁ] — Sy(k; A) @ Z[ﬁ]
P
p] /
G" 1
Gr+1 ® Z[ﬁ]’
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where the map p is the natural projection. The induction hypothesis clearly implies that

1 1
F"®Z[—] = G" ® Z|—]. Moreover, the composition

rl rl

ar /et B s ks A) 2 gyt

1 —
is the multiplication by 7! (see remark 2.2.6). In particular, after ®Z[—'}, the map @, admits
rl

1— 1 1
a section —W;.. We thus obtain an equality Frilg Z|~] = e Z|—].
7! 7! 7!

O
Remark 2.3.2. We note that the filtration G"CHy(A) has been studied before by S. Bloch,
A. Beauville and others. We refer to [4], [3] and [2] for some results concerning this filtration.
This filtration is sometimes referred in the literature as the Pontryagin filtration. The reason
for this name is that it arises from the Pontryagin product on A. To become more specific,
the addition law on A, endows C'Hy(A) with a ring structure, by defining the Pontryagin
product [a] x [b] = [a + b], for closed points a, b of A. We can then easily see that the
group G"C Hy(A) is the r-th power of the augmentation ideal G of (CHg(A), ) generated
by elements of the form {[a] — [0], @ € A}. As it was already mentioned in the introduction,
A. Beauville in [2] showed that the filtration {G" ® Q} is the motivic filtration of CHy(A)

arising from the decomposition of the diagonal.

Remark 2.3.3. We now come back to the case of a non-algebraically closed field k. If L D k is
any field extension, the flat map 7y : A; — A induces a pull back map resy, /. - CHy(A) —
CHy(Ag), with resy /1.([a]) = ZﬂL(Zi):a e;[al, where a is any closed point of A and ey is the

length of the Artin local ring Ay, X 4 k(a) at a. Notice that for a € A we have

Trpp(respp(la)) = () ep)la] = [L: k[d].

mr(a)=a

It is an immediate consequence of the definition of the restriction map between the K-groups
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(see functoriality in the subsection 2.2) that the following diagram commutes, for every r > 0.

resL/k

CHy(A) —=CHy(AL)

o I
I‘eSL k
Sp(k; A) —£'S,(L; Ap).

This in particular implies that the filtration {F"},>¢ is preserved under restriction maps.

For, if v € F"CHy(A), then by definition ®,(z) = 0. Thus,

By (resy, () = resp . (Pr(2)) = 0,

and therefore resy /. (z) € F'CHo(AL).
Moreover, if L/k is finite, then filtration {G"},>¢ is preserved under the Trace map Try, Ik

To see this, we observe that the generators of the group G"CHy(Ay) are of the form

r

Z(_l)r_j TrL’/L( Z [av, +"'+an]L’)>

7=0 1< <<y <r

where L'/L is a finite extension and a; € Af,(L"). Then

r

Tep O (1) Tepyp( D> a4 +aylp) =

7=0 1<y <<y <r
T .
ST T Y Irplay) + -+ mplan)]p),
7=0 1§1/1<~-~<Vj§r

which is a generator of G"CHy(A).

Corollary 2.3.4. If A is an abelian variety over some field k, not necessarily algebraically

closed, then the groups F"CHy(A) ® Q and G"CHy(A) ® Q coincide.

Proof. Let z € F'CHy(A) ® Q, for some r > 0. Then = induces by restriction an element

T = resE/k(x) of F"CHy(Az) ® Q (see remark 2.3.3). By proposition 2.3.1, we deduce that
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N

T € G"CHy(Az) ® Q and we can therefore write it as T = Z q;z;, with z; € G"CHy(Az)
=1

and ¢; € Q, fori=1,...,N. Let L D k be a finite extension of k such that all the x; are

defined over L. Then we obtain:

N

Try, g, (vesy, (@) = D g5 Trp (i) € G"CHy(A) @ Q.
i=1

The corollary then follows from the fact that Try /. (res, /i (2)) = [L : klz.

2.3.2  The finiteness of the Filtration

Let A be an abelian variety of dimension d over a field k. In this section we elaborate the
question if the filtration F" defined in section 3 stabilizes for large enough r > 0. We have
the following fact.
Fact: The filtration {G"},>¢ has the property Gl o Q =0.

S.Bloch in [4] proves the above fact for the case of an algebraically closed base field, while
A. Beauville in [2] gives a different proof for an abelian variety A defined over C. A few
years later, C. Deninger and J.Murre in [11], generalize Beauville’s argument for an abelian

variety over an arbitrary base field k, not necessarily algebraically closed.

Corollary 2.3.5. For every r > d+ 1, it holds FFTCHy(A) @ Q = 0 and Sy(k; A) @ Q =0,

where F" is the filtration defined in section 3.

Proof. The first equality follows from corollary 2.3.4, while the second from theorem 2.2.8.
O

Remark 2.3.6. We briefly recall the argument used by A. Beauville, and later by C. Deninger,

30



J. Murre in their articles. A. Beauville uses the following Fourier Mukai transform:

-~

F: CHy(A)®Q— CHy(A)®Q

x — Tu(exp(L) - 7 (z)),

where A is the dual abelian variety of A, m, 7 are the projections of A x Ato Aand A

respectively, £ is the Poincaré line bundle on A x A and the exponential exp(L) is defined

as exp(L) = i a <n£')n Here we denote by - the intersection product in C'He(A x A) and
by ¢1(L) theribr_n(;ge of £in CHY (A x A).

The map F' is induced by the Fourier Mukai isomorphism, Fp : D(A) — D(ﬁ), between the
derived categories of A and A, defined by S. Mukai in [28], by first passing to the K-groups
and then using the chern character isomorphism, ch : Ky(A) ® Q = CHe(A) ® Q, where
CHe(A) is the Chow ring with operation the intersection product. The map F' has further
the property of interchanging the intersection product of the ring C'He(A) ® Q with the

Pontryagin product of C' He (ﬁ)@@. This property in turn implies that G¥H1CHy(A)@Q = 0,

-~

since CH%(A) = 0 for s > d.

We believe that the above arguments will work after only ®Z[®]. First, notice that the

-~

1
Fourier Mukai transform F' can be considered as a map F': CHe(A) @ Z[—] — CHe(A) ®

d!
1 . . Lo alé)”
Z[a], because the chern character isomorphism does hold after only ®Z[a], (since — =

1
0 for every n > d and for every line bundle £ on A). If after ®Z[W], the relative tangent
bundle of the map 7 : A x A — A is trivial as an element of Ko(A x A) ® Z[ﬁ}, then by

the Grothendieck Riemann-Roch theorem, the map

F:CHe(A)® Z[@] — CHo(A) ® Z[@]

will attain the above concrete description and will still interchange the two products. This

1 1
would imply that G9! ® Z[——] = 0 and further that F" ® Z[—] = FITl @ Z

2d)! 2d)! Gy
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for every r > d + 1.

2.8.8  An algorithm to compute generators of F”

It is rather complicated to give a precise description of the generators of F", for r > 3, but
1

things become much more concrete after ®Z[—‘], because then the map ®,_; has a very
7l

concrete inverse, namely the map W, 1. In this section we will describe a recursive

1

algorithm to compute generators of F" ® Z]

(r— 1),]- As an application, we will give a com-

1
plete set of generators of the Albanese kernel F2 and of the group F? @ Z[E]

Notation: If ¥ D k is a finite extension and ay,...,a, € A(k'), we will denote by Way,....a,

the generator of G" corresponding to the r—tuple (aq,...,a;), namely

.,
Way,....ap -~ Z(_l)r_j Trys 1. ( Z v, + -+ ay]p).
3=0

1<y < <y<r

Definition 2.3.7. Let » > 1. We consider the subgroup R'™1 C F” generated by the

following two families of elements:

1. For any finite extension k' D k and aq,...,a,11 € A(K'), we require
Way,...,ar+1 € RT+1- (2.1)

(notice that this yields an inclusion G" Tt ¢ R"™+1).

2. If L D E D k is a tower of finite extensions, and we have elements a; € A(L) for some

i€{l,...,r}, and a; € A(E), for all j # i, then we require

w e R, (2.2)

wal,...7'I‘rL/E(a,;)7...,ar - resL/E(al),...7ai,...,resL/E(a7«)
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Lemma 2.3.8. For every r > 1, R"T1 is the smallest subgroup of F" that makes the homo-

morphism

U, s @PARK) x AK) x -+ x A(K))  — F" /R
K [k
(al, e ,ar)k//k — Wayq,...,ar

factor through Sy(k; A). We therefore have an inclusion R"™TY c F™1 for every r > 1, and

the composition

1 %\Ij’” r ) pr+l 1, o L
Sp(k; A) ® Z[5] *— (F"/R™T) @ Z[ 5] = Sr(k; A) @ Z[ ]

15 the identity map.

Proof. Notice that if H C F" is any subgroup, such that the map

U, @HAR) x A(K') x -+ x A(K)) — F"/H
K[k

factors through S,(k; A), we definitely have G™1 ¢ H, since ¥, needs to be multilin-
ear. Further, elements of the form described in (2.2) above are necessarily in H, since
{a1,.... Trp p(ai), ..., art g = {resp plar), ... a;, ... ,vesp plar)} g, in Sp(k; A). There-
fore R"T1 c H.

We have no other restrictions, since if K is a function field in one variable over k, then the
relation 3, ordy(f) Try, /() = 0 holds already in C'Hg(A), for z € A(K), and f € K*

(see lemma 2.2.5). The other statements follow directly from proposition 2.2.4.

We are now ready to describe our inductive argument.

Proposition 2.3.9. For the Albanese kernel F? we have an equality F2 = R%, and hence it

can be generated by the following two families of elements:
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1. For any finite extension k' O k, and points a, b € A(K'),
Try i ([a+ by — [aly — [bly + [0])) € F2,
2. If L D k is a finite extension, and a € A(L), then
Trp (ol — [0]2) — ((Trpx(a)] - [0]) € F2.

1
In general for r > 2 the group F'" ® Z[( ol
r—1)!
1

elements of the form z — ———W,_{ o ®._1(z), with z € F"~1.

(r—1)!"""

Proof. Step 1: Compute generators of F' 2. We already have an inclusion R2 ¢ F2 and an

| and

| can be generated by R" @ Z]

1
(r—1)!

isomorphism ®;, : F1/F2 ~ Sy (k; A). To show that R? D> F2, it suffices therefore to prove

commutativity of the following diagram.

(F1/R2) 21 8, (k; A)

p >

(F!/R2).

(Notice that by lemma 2.3.8 we have an equality ®; o ¥1 = 1). We need to verify this only

for the generators of F1/R?, namely for Trr . (la] — [0]z) with a € A(L). We have:

Uy 0@y (Trp 5.([a] = [0]1)) = Vi{a}r/z) = Trr p(la] — [0]L)-
Step 2: Let r > 3. Consider the group

1 1
BT = Rr ®Z[m]+ < z-— m\l’r_l @) q)r_l(Z) A Fr_l > .

We want to show that F" ® Z]

(r — 1)!] =B
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proof of (D): We already know R" QZ]| |C F'eZ]| | (lemma 2.3.8). Moreover,

1 1
(r—1)! (r—1)!

if z is any element of F"~! then

ﬁ%_l o®,_1(2))  =Pp_1(2) — @r—l(ﬁ

= B1(2) = (@10 g V) (@1 (2)

=®p1(2) = Pp_1(2) = 0.

b, 1(z— Upo10®r1(2))

1
Thus, z — m‘l’r—l o®, 1(z) € ker®,_1 N Fr-lg Z]

1
(r—1)!

|, which by definition is

proof of (C):. Since the group B" contains R" ® Z]

1
( 1>‘], lemma (2.3.8) implies that
r—1)!

the map

1 Frlg Z[(TEI)I]
oo |

U, 1:5_1(k;A)RZ| BT

is well defined and ®,_1 o W,._1 is the identity map. To complete the argument, it

1
(r—1)!
suffices to show that

1 FrQZctyl  Frl e Zipyl
(r—1)!

V. 10P,._1: B — B

is also the identity. This follows from the definition of B". Namely by definition, if z € F" 1,
1
then z — m\h,l o®, 1(z) € B".
O

Remark 2.3.10. Notice that the proposition (2.3.9) describes a recursive algorithm to com-

pute generators of the groups F" ® Z][ |, for r > 3. Namely, having computed a

1
(r—1)!
1 1
], the formula Fret ®Z[ﬁ] — prtl ®Z[ﬁ]+ <
1
rl

complete set of generators of F" @ Z| 1)

1
2= —Uro®p(2): 2 € F" > allows us to compute generators of F" "1 ®@Z[=]. As an example,
7!

we compute below a set of generators of the group F° ® Z[—].

2!
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1
Generators of F ® Z[E]: According to proposition 2.3.9, we have the following families

of generators:

1
1. The ones that come from R ® Z[E]’ namely:

(a) Qim(Trk’/k([a+b+c]k’ —[a+bly —la+clpr — [b+clyr + [alps + [blgr + [clpr — [O]p)),

where a, b, ¢ € A(K'), and m > 0.
(b)

%(TYE/k([a +Trpp0)lE = lap = [Trpp()]E + 0E) -

(Trp g ([respypla) + bl — [resp p(a)]p — bl + [0]1))),

where L D E D k is a tower of finite extensions, a € A(E), b € A(L) and m > 0.

1
2. The ones that come from z — 5‘112 o ®y(z) with z € F2.
1
Notice that if z € G2, then z — 5\112 o ®y(2) = 0, thus no new generator is obtained in

this way. The only remaining generating family is of the form

1 1

g (T ()] = [0 =Tr . ([a] L = [0] ) = 5 W2 @a([Trp, i (@)] = [0] = Trp i ([a] L = 0] ),

where L D k is a finite extension, a € A(L) and m > 0.

2.4 A cycle map to Galois cohomology

In this section we construct a cycle map to Galois cohomology by using theorem 2.2.8 and
the Galois symbol (see section 1.2.4 for a definition of the Galois symbol). Let n be an

integer invertible in £ and A an abelian variety over k.

Definition 2.4.1. Let » > 1 be a positive integer. We define the wedge product A" A[n| as

the cokernel of the map 0 — Sym” (A[n]) — A[n]®", where Sym” (A[n]) is the subgroup of
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A[n]®" fixed by the action of %,.

Proposition 2.4.2. Let A be an abelian variety over k and let n be an integer which s

invertible in k. Then the Galois symbol map induces

Sr(k; A) ﬂ)

n

,
H' (k, \ Aln]).
Proof. The projection A[n]®" LN A" A[n] induces a morphism
r
HY (k, A[n)) 5 H (k, /\ Aln]).

Let {aq, ..., a?“}L/k be any symbol in K (k; A) and let o € 3, be any permutation of the set

{1,...,7}. We need to show that ppos,({at, ..., ar}L/k) = p/\osn({aa(l), s aa(r)}L/k)' Since
any permutation o can be written as a product of transpositions of the form 7 = (4,7 + 1),

it suffices to show that for all i € {1,...,r — 1},
PA © Sn({ah sy gy Qg4 - - 7a’/‘}L/]g) =PnO Sn({{a17 ceey Qi 1,04, - - 7a7”}L/]g>‘
We consider the map

t:An]®@ An|®---® An] - An] ® Aln] @ --- ® An]

a1 @ Qa0 Qa1 @ Qar - a1 Q- X041 Qa4 ® -+ @ ap.
Then for the induced map ty : H" (k, A[n]®") — H" (k, A[n]®") it holds

Coryrp(0(ar) U---Ud(ajr1) Ud(a;) U---Ud(ar)) =

—tx(Corgryp(0(ar) U--- U d(a;)) Ud(ajrr) U---Ud(ar)).

(The last equality is a general fact about cup products in group cohomology. For a proof,
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we refer to [8], p.111). Next notice that the following diagram is commutative,

H" (k, @" A[n]) —~ H" (k, ®" Aln))

o o

H™ (k, N Aln]) —> H"(k, A" Aln])

To conclude, we have,

pa(Coryr . (0(ar) U---Ud(aj+1) Ud(a;) U---Ud(ar))) =
pA(=tx(Corgrp(6(ar) U--- U d(a;) Ud(air1) U---Ud(ar))) =

pa(Corgrp(0(ar) U---Ud(a;) Ud(ajpr) U---Ud(ar))).

The result now follows. O]

Corollary 2.4.3. For any integer n invertible in k and any r > 0, the Somekawa map and

the map @, induce a cycle map to Galois cohomology:

r

FrOHy(A)/FICH(A) | vy A Aln)).

n

2.5 The p-adic Case

In all this section we assume that the base field % is a finite extension of Qp, where p is a prime
number. Let O} be its ring of integers and & its residue field. Using results of W. Raskind
and M. Spiess [31], we obtain some divisibility results for our filtration. Furthermore, we
obtain some results about the kernel of the cycle map to étale cohomology and the kernel of

the Brauer-Manin pairing.
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2.5.1 Diwvisibility Results

Let A be the Néron model of A, which is a smooth commutative group scheme over Spec(Oy,).
Let As = A x, £ be its special fiber and AY be the connected component of zero. We
note that A(S) is a commutative algebraic group over the finite field x. For definitions and

properties regarding the Néron model A of A we refer to [7] and [12].
Definition 2.5.1. 1. We say that A has semi-abelian reduction, if A% is a semi-abelian
variety over k. This means that A? fits into a short exact sequence

0—>T—>A2—>B—>0,

where T is a torus and B an abelian variety over k.

2. Further, we say that A has split semi-ordinary reduction, if it has semi-abelian reduc-

tion with 7" a split torus and B an ordinary abelian variety.
Raskind and Spiess obtained the following important result.

Theorem 2.5.2. ([81] theorem 4.5) Let Aq, ..., Ay, be abelian varieties over k with split semi-
ordinary reduction. Then for n > 2, the group K(k; Ay, ...., An) is the direct sum of a finite
group F and a divisible group D. For n > 3, the group K(k; Ay, ...., An) is in fact divisible
(remark 4.4.5).

Thus, in our set up, if we assume that the abelian variety A has split semi-ordinary

reduction, then theorem 2.2.8 has the following corollary:

Corollary 2.5.3. Let A be an abelian variety over a p-adic field k having split semi-ordinary

reduction. Then for the filtration {F"},>q defined above, it holds:
1. Forr > 3, the groups FT/FTJrl are divisible.

1
2. The group F2/F3 ® Z[ﬁ] 15 the direct sum of a divisible group and a finite group.
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Proof. Everything follows directly from theorem 2.2.8, once we notice that for » > 3 the

divisibility of Sy(k; A) yields an equality Sy(k; A) = r!1S.(k; A). Thus, the injective map
P, . o

Fr/F™+1 <5 6,(k; A) is also surjective.

]

Remark 2.5.4. We note that for a smooth projective variety X over a p-adic field k, Colliot-
Thélene conjectured (see for example [9]) that the Albanese kernel has a decomposition
T(X) ~ D& F, where D is a divisible group and F' is a finite group. A weaker form of
this conjecture states that the degree zero subgroup has a decomposition Ag(X) ~ D @ F,
where F' is a finite group and D is a group divisible by any integer coprime to p. This weaker
conjecture has now been proved by S. Saito and K. Sato in [34].

We observe that if for an abelian variety A we proved finiteness of the filtration {F"},.>0,
then we would be able to establish Colliot-Thélene’s conjecture for odd primes p and at least

for abelian varieties with split semi-ordinary reduction.

2.5.2 The cycle map and the Brauer-Manin pairing

Let A be an abelian variety over k£ of dimension d. In this section we will prove some results
about the cycle map to étale cohomology and the Brauer-Manin pairing. First, we review

some necessary definitions.

1. Let X be a smooth, projective, geometrically connected variety over the p-adic field k.
By the Brauer group of X we will always mean the group H 2(Xet, Gyn) and we will

denote it by Br(X). There is a well defined pairing of abelian groups
<,>x: CH()(X) X BT(X) — Q/Z

defined as follows. If @ € Br(X) is an element of the Brauer group and x € X a closed

point of X, then the closed immersion ¢; : Spec(k(z)) — X induces the pullback
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) : Br(X) — Br(k(z)). We define
<z, a>x= Cork(x)/k(Lz(a)) € Br(k) ~Q/Z,

where Cory,y/p, : Br(k(z)) — Br(k) is the Correstriction map and the isomorphism
Br(k) ~ Q/Z is via the invariant map of local class field theory. To show that this
definition factors through rational equivalence, we reduce to the case of curves, where

the well-definedness of the pairing follows by a result of S. Lichtenbaum, [23].

2. We say that an abelian variety A of dimension d over k has split multiplicative reduc-
tion, if the connected component Ag, containing the neutral element of the special fiber
A of the Néron model A of A is a split torus. In this case, the theory of degeneration
of abelian varieties ([12], Chapter III, Proposition 8.1) yields that there exists a split
torus 1" ~ Gﬁ%d over k and a finitely generated free abelian group L C T'(k) of rank d,
such that for any finite extension &’/k, there is an isomorphism A(k') ~ T'(k')/L. A

special example of such an abelian variety is a Tate elliptic curve.

3. Let X be a smooth projective and geometrically connected variety over k of dimension

d. The cycle map to étale cohomology

PXn
CHy(X)/n =% H*¥(Xep, u§?)

is defined as follows. For a closed point x of X, we have the Gysin map
HO(wer, Zfn) — H*(Xet, ).

Then the cycle map is defined as px ,,([7]) = Gz(1).

We start with the following lemma, which shows the relation between the cycle map and the

Brauer-manin pairing.
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Lemma 2.5.5. Let X be a smooth, projective, geometrically connected variety over k. There

15 a commutative diagram

CHo(X)/n—5 H*(Xet, 1577)

x| |

(Br(X)[n])* —= (H*(X, 1n))*.

Proof. First we observe that Tate and Poincaré duality induce a non-degenerate pairing of

finite abelian groups

H2(X, ) x HY(X, 4% = Z/n.

(see [33] for a proof of this statement, due to S. Saito). Notice that this pairing induces the
right vertical map of the diagram stated in the lemma, H24(X, u2%) =5 H2(X, up)*, which
is therefore an isomorphism. Let now x be a closed point of X. We obtain a commutative
diagram

Gy
HO(a, Z/n) — H*!(Xet, 157)

o]

(H2(x, jin))* —2= (H2(X, 1n)),

*

where the left vertical map is the isomorphism induced by Tate duality and H?(X, i) BN

H 2(;15, fn,) is the pullback map. The result now follows from the commutative diagram

'
H2(X7 ,UTL> —>H2($aﬂn)

.

Br(X)[n] —2= Br(k(z))[n].

Here the two vertical maps arise from the Kummer sequence on Xet and xet respectively.
Notice that the commutativity of the last diagram follows from the functoriality properties
of étale cohomology (universality of the functor H*(Xet,-)).

We can thus conclude that the map HO(z, Z/n) — H24(X, u©%) — (H2(X, un))* factors
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through HO(x,Z/n) — (Br(X)[n])* and the lemma follows.
[

Corollary 2.5.6. The kernel of the map CHy(X)/n 2 (Br(X)[n])* coincides with the

kernel of the cycle map px ,, : CHy(X)/n — H2(X, 1©).

Proof. This follows immediately from the commutative diagram of lemma 2.5.5, as soon as
we notice that the right vertical map is an isomorphism, and the bottom horizontal map
is injective. The injectivity of (Br(X)/n)* — (H?(X, u))* follows by applying the exact

functor Hom(_, Q/7Z) to the short exact sequence
0 — Pic(X)/n = H2(X, pn) = Br(X)[n] — 0,

arising from the Kummer sequence for X.

The Hochschild-Serre spectral sequence

We now go back to the case of an abelian variety A of dimension d over the p-adic field k .

We consider the Hochschild-Serre spectral sequence,
EST = HP(k, HI(Ag, F)) = HPTI(A, F),

where F is any abelian sheaf on Agt. For any g > 0, the spectral sequence gives a descending
filtration

HY(Ae, F) = Hl > H{ O ...Hg_l O H{ DO,

with quotients HE/H§+1 ~ E’é’oq_Z First we observe that Hzg = 0, for ¢+ > 3. For, the p-adic
field k£ has cohomological dimension 2, which forces E;’q_i to be zero for i > 3. We will use
this filtration for the groups H24(A, u®%) and Br(A) = H2(A,Gy,).
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1
Lemma 2.5.7. After ®Z[§], the spectral sequence
HYT = HP(k, HY(Ag iy D) = HP (A, i)

degenerates at level 2.

1
Proof. We need to show that all the differentials d‘gq become zero after ®Z[§]. The statement
1
is clear when p > 1 or p < 0 or ¢ < 1 even before ®Z[§]. We will show that for ¢ > 1, the

map

O — _ —
dy s HO(k, HY(A, p ")) — H?(k, HT (A, )

has the property ng’q = 0. Let m € Z be an integer. We consider the multiplication by m

map A s A on A. The map m induces a pull back map on cohomology,
HP (k, HU(Ap 1)) == HP (k, HY(Ag, ),

for every p,q. Moreover, since m is a morphism of schemes, the pullback m* is compatible

with the differentials, i.e. the following diagram commutes, for every ¢ > 1.

HOk, HY(Ag, pi®)) —"— HO(k, H1( A, 1i7%))

ld&q ldoﬂ

H2(k, HU V(A uh) " B2 (k, HI (A, %),

The action of m* on HO(k, H 1Az, 124 is multiplication by m?. For, the action is induced
by the action of m* on Hl(AE, Z/n) = Hom(A[n|,Z/n), which is multiplication by m.
Let a € HO(k, HI(A,u®%)). Taking m = —1 and using the fact that d®? is a group

homomorphism, we get
(1) (@) = (- 1)) = (~1)d™(a).
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On the other hand, using the commutativity of the diagram above, we obtain
dH((=1)*(@)) = (=1)*d*(a) = (-1)*d"(a).
We conclude that d*9(a) = —d%4(a) and hence 2d%4(a) = 0.

]

Corollary 2.5.8. The filtration Hgd D H12d D H22d D 0 of the group H2d(A, ,u%gd) nduced

by the Hochschild-Serre spectral sequence has successive quotients

HO(k, H?(A, u5%)), i =0
HY/HX =S qY (), H24-1(A, 42)), i = 1

H2(k, H*72(A, %), i =2

Proof. The third equality follows directly from lemma 2.5.7. We claim that for p = 0,1,

- _ 1
E&Qd = E§’2d P before ®Z[§]. For p = 1 the statement follows immediately from the

observation that both the differentials d%zd_l and d2_ 1,2d are zero.
For p = 0, we first observe that E&?d = Eg’Qd = ker d8’2d- For, the map dg’Qd : E§’2d -
E§,2d73 is the zero map, since E§,2d73 = 0. Thus, we have an inclusion

H3 HP = ker dy?? <5 EY? = HO(k, H? (A, u59)).
Since A is projective, Poincaré duality yields an isomorphism

H*N (A, 17") ~ Hom(H° (A, Z/n), Z/n) ~ Z/x.
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We therefore obtain the following commutative diagram:

a3 o CHo(A)/n

| s

0— HZ/HM L~ 7/n

| |

0 0

Notice that since A is an abelian variety, there exists a k-rational point, and hence the degree

map is surjective. Since deg = jopo py,, we conclude that the map j is surjective.

Proposition 2.5.9. Let A be an abelian variety over k and n > 1 a positive integer. The
cycle map

pan: CHo(A)/n — H(A, 15,

when restricted to F3 /n is the zero map. Moreover, if A has split multiplicative reduction,

1
then after ®Z[§], the kernel of the cycle map is precisely the group (F3 +nCHy(A))/n)

Proof. Consider the filtration Hgd D H12d D H%d D 0 of the group H2d(A, M%’d). Then from

the commutative diagram

0— Fl/n——CHy(A)/n Z/n 0
lpA,n lﬁ
0 H3 H2(A, u8%) — H2/H2 0

we obtain that F! /n is mapped to H 12d via the cycle map and the kernel of p 4 ,, is contained

in F1 /n. Notice that the right vertical map is an isomorphism by lemma 2.5.8. Next we
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consider the commutative diagram

F2/p—Fl/n— (F1/F%)/n —0

lpA,n

2d 2d 2d ) r72d

from where we obtain that F2/n maps to H%d via the cycle map and the kernel of pg,, is
contained in the image of the map F2/n — F1/n. Notice that in this case, the right vertical
map is injective. For, by Poincaré duality and the étale cohomology of abelian varieties over
an algebraically closed field, we obtain isomorphisms

HZd—l (A*

1) = HY(Az, Z/n)(~1) ~ Hom(A[n], Z/n)(~1) = A[n].

and therefore the map (F1/F?)/n — H12d/H22d coincides with the map A(k)/n < H'(k, A[n])
arising from the Kummer sequence for A, 0 — A[n| — A 2 A 0.
Next we turn our attention to the map pgp, : F 2 /n — H%d. Again, by Poincaré duality we
obtain

H2d_2(AE, p%’d) ~ Hom(HQ(AE, Z/n),7Z/n) ~

Hom(A?(Hom(A[n], Z/n), Z/n) ~ A2An].

Thus, the cycle map induces F?/n PAy H?(k, N? Aln]).

Using now the map s, : (F2/F3)/n — H?(k,A*A[n]) obtained in corollary (2.4.3), we
deduce that py ,, : F2/n — H22d factors through (F2/F3)/n and therefore the group F3/n,
being the kernel of F2/n — (F2/F3)/n, is contained in the kernel of the map PAn- This

concludes the proof of the first statement of the proposition.
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Assume now that A has split multiplicative reduction. We will prove that the map
2 13 1 21 \2 1
(F=/F )/n®Z[§] — H(k, \"A[n]) ® Z[§]
is injective. By theorem (2.2.8), it suffices to prove that the Somekawa map
1 9 9 1
sn: So(k; A)/n® Z[§] — H?(k, N*A[n]) ® Z[Q]

is injective. T.Yamazaki, in [44], proved that in the split multiplicative reduction case, the
map

sn : Ko(k: A)/n — H?(k, Aln] ® A[n])

is injective. Consider the following commutative diagram

Ko(k; A) /n—2"H2(k, Aln] @ Aln)])

| |

So(k; A)Jn — H2(k, A2A[n)).

1
Notice that after ®Z[§] both vertical maps have sections. Namely, the maps

Salk: A)fn © T3] b Kalks A)fn © 21

{a, b} 1/ + {b, a} ’
o by > —— L

and

H2(k, 2 Aln)) @ Z[3) & H2(k, Aln] © Aln)) @ 23],
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induced by the map

A2Aln] @ Z[%] — A[n] ® Aln] ® Z[%]

TR®Y—YRx

ANy —
TNy 2

The injectivity of the map
1 0, 9 1
Sp 2 So(k; A)/n® Z[ﬁ] — H*(k,N“An]) ® Z[ﬁ]

hence follows from the commutative diagram

Koy(k: A)/n @ Z[%]dfﬂ?(k, Aln] @ Afn]) ® Z[2]

] jo

Sy(k; A)/n® Z[%] — " H2(k, A% An]) @ Z[%].

]

Theorem 2.5.10. Let A be an abelian variety over k. The subgroup F3 is contained in the
kernel of the map
j: CHy(A) — Br(A)*.

If moreover A has split multiplicative reduction, then the kernel of the map

1

5 i3]

CHy(A) ® 7] Br(A) @ Z[%]

1 1 1
is the subgroup D of F2 & Z[ﬁ]’ which contains F? ® Z[ﬁ] and is such that D/(F3 Z[E])

1
is the mazimal divisible subgroup of F2/F3 Z[ﬁ]

Proof. Assume to contradiction that F3 ¢ ker j and let w € F3 be such that j(w) # 0. This

means that there exists some element a € Br(A) such that < w,« >% 0. Notice that the
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group Br(A) is torsion, because it is a subgroup of Br(K), where K is the function field of
A (for a proof of the last statement see [16], II, corollary 1.10). Let m be the order of «.
Then j(w) gives a nonzero morphism Br(A)[m] — Q/Z. The map F3 — Br(A)[m]* factors

through F3/m and by theorem (2.5.9) , we get a commutative diagram

0
F3/m H? (X, p57)

| |

Br(X)[m]* —— (H*(X, un))*-

Since the bottom map is injective, we conclude that the map F3/m — Br(A)[m]* is zero,
which is the desired contradiction.

Next, proposition 2.5.3 gives us an isomorphism
2 3 1
F*/F ®Z[§] ~ Do & Fy,

where Fj is a finite group and Dy is divisible. Let D be the subgroup of F? ® Z[%] such
that D/(F3 ®Z[%]) ~ Dy. It is clear that D C ker(C' Hy(A) ®Z[%] — BT(A)*(X)Z[%]), since
Br(A) is a torsion group.

Assume now that A has split multiplicative reduction. We will show that D is in fact
equal to ker(j ® %) First, we consider the filtration HO2 D H? D H3 0 of Br(A) arising
from the Hochschild-Serre spectral sequence, HP(k, H1(A, Gy,)) = HPTI(A, Gy).

We can easily see that Eégl = E% 1 For, both the differentials d%’l and dy L2 are zero. This
yields an isomorphism H?/H2 ~ H1(k, H! (A%, Gy)). Next we observe that B2 = E§’0 =
Eg’o/ Im(Eg’1 — Eg’o). For, both the differentials dg’o and d;l’z are zero. In particular, we
have a surjection Eg’o — H22 — 0. Dualizing, we obtain an inclusion 0 — (H%)* — (ES’O)*.

Since A is proper, we have an isomorphism

Ey" ~ H%(k, H}(A, G)) =~ Br(k) ~ Q/Z.
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We have a commutative diagram as follows:

deg

0 Fl CHy(A)

|

0—— (H§/H3)* — (H§)* — (H5)* —=0

Z 0

We claim that the right vertical map is an inclusion. To see this, we observe that the
composition

Z— (H3)* = (By)*

coincides with the inclusion Z < Z = (Br(k))*. (We note here that T.Yamazaki is using
this exact same argument for the injectivity in the proof of his proposition 3.1 in [44]). We
conclude that ker j © F1. Moreover, under this map, F is sent to the subgroup (Hg/HQZ)*

Next we consider the commutative diagram

0 F? Fl Alba A(k)

e |-

(HE/H3)* — HY(k, Pic(Ap))* —= H(k, PicY(Ap))* —0.

0

The right vertical map is the isomorphism obtained by Tate duality (see for example [26]
for the definition of this isomorphism). We can therefore deduce that kerj C F 2 For, if
z € Flissuch that j(x) = 0, then A(alb4(z)) = 0, and since X is injective, we conclude that
alby(x) = 0.

Next, notice that the map j ® Z[%] induces

L JELL3]

(F2 @ 2[))/D "= Br(A)*@Z[%].
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1
Let n be the order of (F? ® Z[?)/D = Fp. Since D is divisible, we have an equality

(F2/F%) @ Z[})

n

= F.

We obtain a diagram

Since the kernel of the map

2/ 3 1
j®Z[%] : (F?/F°) ® Z[5]

- o Br(A))* © Z[%]

coincides with the kernel of the cycle map

1
panwzil)s CLVOEL] iy oayg

(corollary (2.5.6)), the result follows by the second part of theorem (2.5.9).
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CHAPTER 3
SEMI-ABELIAN VARIETIES AND SUSLIN’S SINGULAR
HOMOLOGY

3.1 Introduction

The main goal of this chapter is to generalize theorem (2.1.1) for semi-abelian varieties.
Recall that a semi-abelian variety GG over a field k is an extension of an abelian variety by a
torus. In particular, semi-abelian varieties are quasi-projective.

For a smooth quasi-projective variety X over a field k, the Chow group of zero cycles
CHy(X) still provides a fundamental invariant of the variety. When X is not projective
though, the group C'Hy(X) loses some of its properties. For example, the degree map
deg : Zp(X) — Z no longer factors through C'Hy(X). This group is too small and it needs
to be replaced by a larger class group of zero cycles.

The next question that arises is if we can have any reasonable analogue of the Albanese
map in this quasi-projective setting. We note that J.P. Serre proved the existence, for every
smooth quasi-projective variety X over a perfect field k, of a generalized Albanese variety,
Albx. This is a semi-abelian variety which is universal for regular maps from X to semi-
abelian varieties. Therefore the question comes down to whether we can find a new geometric
invariant of the variety, namely an appropriate quotient of Zy(X), such that both the degree
map and the generalized Albanese map become well defined. The answer is given by a
theorem of Spiess and Szamueli in [38]. It turns out that the appropriate group is Suslin’s
singular homology group, Hgmg (X).

We can now reset our goal for this chapter. Given a semi-abelian variety GG over a perfect
field k, we want to construct a decreasing filtration {F"},>¢ of Hgmg (G) such that the
successive quotients are ”almost” isomorphic to some Somekawa K-group.

For semi-abelian varieties G1,...,G, over k, Somekawa gave a definition of a K-group

K(k;Gq,...,Gy). His definition though turned out to be not very suitable for geometric
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applications. The problem is that the Weil reciprocity of K(k;G1,...,G;) is very hard to
describe, when some of the coordinates have a toric part. Kahn and Yamazaki in [22] sug-
gested a more geometric variant of this group, namely the group which we call the geometric
K-group K9¢°(k;G1,...,G,) attached to G, ...,G,. We can now state the main theorem

of this chapter.

Theorem 3.1.1. Let k be a perfect field and G a semi-abelian variety over k. There exists

a decreasing filtration {F"},>q of Hgmg(G) such that there are canonical isomorphisms of

abelian groups:

1 F"
@7’ . Z[_] ®

~ 01
5 — Z|=] @ S¥(k; G), r > 0.

Fr+l rl

In the above theorem we use a similar notation as in the previous chapter, namely we
E¥(k; G)

<Awr, s ar b —{To), 0 To(r) ar k>
set of permutations of {1,--- ,r}.

denote by S7°°(k; G) :=

, where ¢ runs in the

Remark 3.1.2. Theorem (3.1.1) is stated in terms of Suslin’s singular homology, Hgmg(G).
In reality though, the group we will be using is a variant of Wiesend’s class group, W(G), a
group introduced by Yamazaki in [45]. For a quasi-projective variety X over a perfect field k
the groups W (X) and Hging (X) coincide. In the next section we will review the definitions

of both those groups.

Remark 3.1.3. Kahn and Yamazaki in [22] define a geometric K-group K9¢°(k; Fy,...,Fy)
for more general coordinates, namely for homotopy invariant Nisnevich sheaves with trans-
fers. We will discuss more about their definition in section 3.4. When G; is a semi-abelian
variety for every i = 1,---  r, they in fact prove ([22], theorem 11.14) a canonical isomor-
phism

K(k;Gq,...,Gp) =~ K9°(k; Gy, ...,Gy).

To prove this coincidence with the classical Somekawa K-group, they use very deep and long

computations of symbols.
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An important application of their theory in the study of zero cycles is that Kahn and
Yamazaki generalize the result of Raskind and Spiess mentioned in example (1.1.1) for a
product of smooth open curves. In particular, let X = C'; x Cy be the product of two smooth
open curves over a perfect field k. They prove an isomorphism ker(albx) ~ K (k; Jm,, Jmy),
where Ju, is the generalized Jacobian variety of C; corresponding to the modulus m; =

Z P,i=1,2. Here by C; we denote the smooth completion of C;.
PEéi—Ci

Remark 3.1.4. The rational analogue of theorem (3.1.1) was obtained in a recent paper of
Sugiyama [40]. In this paper, Sugiyama studies the motive of a semi-abelian variety G
generalizing the results of Beauville [2]. In this chapter we give the integral version of his

construction.

3.2 Suslin’s singular homology and geometric K-group

In this section we review the definitions of Suslin’s homology and Wiesend’s class group and
we introduce the geometric K-group K9 (k; Gy, --- ,Gy) attached to semi-abelian varieties

G, ,Gyr. We start with the case of curves.

3.2.1 Generalized Jacobians

Let C be a smooth curve over a perfect field k. Let C be its smooth compactification and

let m = Z P be the reduced Cartier divisor on C' supported on C' \ C. The divisor m is
PeC\C
usually called a modulus condition on C. Then there exists a generalized Jacobian variety

Jm of C corresponding to the modulus m, which is a semi-abelian variety satisfying the
following universal property. There is a morphism ¢ : C' — Jy such that if ¢ : C' --» G is
a rational map to some semi-abelian variety GG over k, which is regular on C', then v factors
uniquely through ¢. When C' = C, or alternatively m = 0, Jy coincides with the usual

Jacobian variety J of C' and in the case C' has a k-rational point, the Abel-Jacobi map gives
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an isomorphism
2o
< (div(f): f € k(C)* >

Pic%(C) ~ = J(k).

When C' C C and C(k) # (), the analogous expression in terms of zero cycles for the

generalized Jacobian Jy, where m = ) PeC\C P, is the following.

Zo(C)*°

<div(f): feK(C)*, f(P)=1,PeC\C > — (k)

This is part of the more general theory of generalized Jacobians of Rosenlicht-Serre.
We will discuss some generalizations of this theory in the next chapter. As mentioned in
section (3.1), Serre showed the existence of generalized Albanese varieties for every smooth

quasi-projective variety X.

3.2.2  The groups W(X) and H"(X)

Let X be a smooth quasi-projective variety over a field k. We denote by X (1) the set of
all closed irreducible curves in X and by Zy(X) the free abelian group of zero cycles on X.
Moreover, for C' € X(l), we denote C —— (' its normalization and ¢ : C < C its smooth

completion.

Definition 3.2.1. We define the Wiesend tame ideal class group W (X) to be the quotient
of Zy(X), by the subgroup generated by cycles of the form {div(f): f € k(C)* }CeX(l) with

f having the property that f(P) = 1, for every P € C — C.

Remark 3.2.2. This definition is a direct generalization of the generalized Jacobian Ji, of a
smooth complete curve corresponding to a reduced modulus m. We note that Wiesend in
[43] defined a similar class group for arithmetic schemes of finite type over Spec Z. Definition
(3.2.1) is a variant due to Yamazaki [45], who in fact used this group to obtain a generalization

of the Brauer-Manin pairing for quasi-projective varieties. Namely, he showed that for a
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smooth quasi-projective variety X over a p-adic field k there is a well defined pairing

Br(X)x W(X) — Q/Z,

defined similarly as in the case of a proper variety.

Definition 3.2.3. Let X be a smooth quasi-projective variety over a field k. Suslin’s singular

homology group, Hosmg (X), is the quotient of Zy(X) modulo the subgroup generated by zero

cycles of the form ¢§(Z) — f(Z), where ¢y : X — X x Al is the inclusion z — (z,\), for

A = 0,1, and Z runs through all closed integral subvarieties of X x Al such that the projection

Z — Al is finite and surjective.

Properties

. When the base field k is perfect, it is a theorem of Schmidt ([35], theorem 5.1) that
the groups W(X) and Hgmg(X ) are isomorphic. From now on we assume that k£ is
perfect. In most of the statements we will be using W (X), but we will be interchanging

between the two definitions without further notice.
. When X is proper over k, the groups CHy(X) and W (X) coincide.

. Tt is clear that the degree map deg : Zy(X) — Z, x — [k(z) : k], factors through

W(X). We will denote by WY(X) the subgroup of degree zero cycle classes.

. When C is a smooth, complete, geometrically irreducible curve over k and S a finite
set of points of C, then for the smooth curve C' = C' — S, the group W(C') coincides
with the group of classes of divisors on C' prime to S modulo S-equivalence, as defined
in [36](Ch.V). Notice that when C has a k-rational point, the abelian group W9(C)

is isomorphic to the generalized Jacobian of C' corresponding to the modulus m =

ZPGS P.
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5. The group W (X) is covariant functorial for morphisms of varieties X — Y (lemma 2.3

in [45]).

6. Generalized Albanese map: If X is a smooth variety over a perfect field k, there is

a generalized albanese map alby : WY(X) — Gx(k), where Gx is the generalized
Albanese variety of X. For a proof of the well defined of the generalized Albanese
map we refer to [38]. In this article, T.Szamueli and M.Spiess use the group Hgmg (X)

instead.

3.2.83 The geometric K-group

In this subsection we define the geometric variant of Somekawa’s K-group introduced by

Kahn and Yamazaki in [22].

Definition 3.2.4. Let (Gq, ..., G, be semi-abelian varieties over a perfect field k. We define

the geometric K-group attached to Gy, ..., G, as follows.

M M
K9°(k; Gy,...,Gr) = (G1 Q) -~ (X Gr)(k)/ Ry,

where Ry is the subgroup generated by the following family of elements:

Weil reciprocity II: Let K be a function field in one variable over k and let C' be the
smooth complete curve having function field K. Let ¢g; € G;(K), for i = 1,...,r. Each g;
extends to a rational map g; T C --» G, which is regular outside a finite set of places S; of
C. We consider the set S = U S;. Let f € K* be a function such that f(P) = 1, for every

=1
P € S. Then we require

> ordp(f)(91(P) @ -+ @ gr(P)) )k € Ro-
PgS

In the above definition, ®M is the product of Mackey functors defined in section 1.2.2.
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Remark 3.2.5. Let K be a function field in one variable over k and C' be the unique smooth
complete curve having function field K. From now on we will refer to C' as the corresponding
smooth complete curve. To make definition (3.2.4) more precise, let K be such a function
field, let g; € G;(K) for some i € {1,...,r} and let P be a closed point of C. If Kp is the
completion of K at P and O, its ring of integers, we will denote by Op the algebraic local

ring K N O . Then, the set S; that appears in the definition (3.2.4) is precisely the set
Si={P€C:g; ¢ Gi(Op)}.

From now on we will refer to this set as the set of bad places of g;.

3.3 Main Theorem

Let GG be a semi-abelian variety over a perfect field k£ of dimension d. We will write the group

law in G' in multiplicative notation with 1 the neutral element.

The Pontryagin Filtration

We consider the group of zero cycles Zy(G). Since the closed points of G have a multiplication

law, this group becomes a group ring with multiplication given by the Pontryagin product,

s t
(Z njxT;) © (Z miy;) = anmixjyi, for 2,3, closed points of G and n;, m; integers.
j=1 i=1 i

Lemma 3.3.1. The subgroup M =< div(f) : f € k(C)*,C € Gy, flz) =1, Vo € c-C >

is an ideal of Zy(G) and therefore W (G) becomes a ring with the Pontryagin product.

Proof. Tt suffices to show that if x € G is any closed point of G and div(f) is a generator of

M, then x ® div(f) € M. We consider the translation map

Te G—-dG

Yy — Y.
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Then we observe that z ® div(f) = 74« (div(f)) and since W(G) has covariant functoriality,
we conclude that z ® div(f) € M.
[l

Under this ring structure, the subgroup of degree zero elements, WO(G), becomes an

ideal I of W(G). By taking its powers, we can define the following filtration.

Definition 3.3.2. We consider the Pontryagin filtration of W (G),

I'W(G) =W(G),

I'W(G) =< Try (2] = [1]p) : z € GK) >= WG,

PW(G) =< Try p(lwy] — [2] = [y + [) : 2, y € G(K') >,

PW(G) =< Try jplwy2] = [wy) — [w2] = [y2] + [2] + [y) + [2] = ) s @, 9, 2 € G(K) >,

r

I'W(G) =< (1) > Trgplfon e, - o)), 7 € GK) >,
7=0 1<y <<y <r

where the summand corresponding to j = 0is T7 /1, ((—1)"[1).

Notation 3.3.3. From now on we will denote by wy, ... z, the generator of I" corresponding

to the points x1, ..., 7, € G(k’) described above.

Remark 3.3.4. We will see that after ®Q the filtration {I"W(G)},>0 just defined has the
property that 1" /1 rleQ ~ Sy(k; G)®Q. This is exactly what was proved also by Sugiyama
in [40].

3.3.1 Definition of the Filtration

We start this subsection with the observation that G is its own generalized Albanese variety.

Therefore the Albanese map takes on the form albg : WO(G) — G(k).
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Proposition 3.3.5. For any semi-abelian variety G over k, the natural map j : G(k) —

K1(k; G) is an isomorphism.

Proof. First we prove surjectivity. Let &’ /k be a finite extension and z € G(k’). Notice that
in Ki(k; G) we have the following equality, {z};s/ = {Trp 3.(2)}y . We conclude that
J(Try j1(2)) = {2} 1, and hence surjectivity follows.

To prove injectivity, it suffices to show that Weil reciprocity II holds already in G (k). Let
K be a function field in one variable over k and C be the corresponding complete smooth
curve. Let g € G(K) and f € K*. According to the remark (3.2.5), we obtain a regular
map C' —S — G, where S ={P € C: g ¢ G(Op)}. Theorem 1 in [36] tells us that the map
¢ admits a modulus m. Proposition 13 in [36] shows that in the case G is an extension of
an abelian variety A by Gy, m = Y pcg P is a modulus for g. By a simple argument using
the projections of G%d to each factor, we can conclude that m = ) pc.g P is a modulus for
g when G is an arbitrary semi-abelian variety. This means that for every function f € K*

such that f(P) =1 for every P € S, it holds Z ordp(f) Tryp)/x(9(P)) = 0. Notice that
Pgs
this implies that Weil reciprocity II holds in G(k).

The next proposition is analogous to proposition (2.2.1).

Proposition 3.3.6. For every r > 1, there exists a well defined morphism

O W(G) = Se(k;G)

[Z‘] — {x, Z,... ,x}k(x)/k

Furthermore for r =0, we define Sy(k; G) = Z and Oy to be the degree map.

Proof. Let r > 0 be a positive integer. We define the map @, : Zy(G) — Sy(k; G) first on
the level of zero cycles. Let C' € G(l) be a closed irreducible curve in G, let C =5 C be its

normalization and . : C' < C the smooth completion of C. Let f € k(C)* be a function
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such that f(P) = 1, for every P € C — C. We need to show @, (m«(div(f))) = 0. More

precisely, we need to prove

Oy (Y ordy(f)[k(z) : k(n(z))]) = Zordz(f)[k(ﬂf) Hk(m(@)){m (), (@)} gy(m(a)) i = O

Let K = k(C') and consider the generic point inclusion 7 : Spec K < C. We set g=17ne&
G(K) and observe that S = {z € C: g € G(Op)} = C — C. Then we can easily see that

> ordg(f){resy () (7 (@), - s resyy (T (@) oy = Y orda(H{g(@), -5 9(2) by i

zeC xS

The result therefore follows from the reciprocity relation of the group S, (k; G).
O

We can now proceed to the definition of the filtration. First notice that the isomorphism
obtained in proposition (3.3.5) yields an equality ®1|ker(®g) = albg. This in turn implies

that ker(®g) Nker(P1) = ker(albg).

Definition 3.3.7. We define a decreasing filtration {F"},>q of W(G) with F¥ = W(G) and
r—1

forr > 1, F" = ﬂ ker @;. In particular, F1 =WwY%G@) and F? = ker(albg).
7=0
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Proposition 3.3.8. For every r > 0 we have inclusions I" C F". Moreover,

O (wWay,.ozy) = TH21, - 7Ir}k(z)/k-

Proof. This is analogous to proposition (2.2.3) and part of proposition (2.2.4). For the

k./

r—1, the multilinearity

inclusion /" C F" we use the commutativity @3 Trpsp = Trp ), @
of the symbol in Sy(k; G) and the fact that the map ®,11 is a group homomorphism. The
second statement follows by a combinatorial counting.

]

Theorem 3.3.9. Let r > 0 be an integer. There is a well defined abelian group homomor-

phism
LS (ke FTW(G)
v, : Sqr-(k,G) — W+1—W
{.1‘1, ‘e ,mr}k//k — lev.“’xr.

Moreover, the homomorphism WV, satisfies the property, ®, o W, = rl on Sp(k;G). As a

1
conclusion, after ®Z[%] the map ®, becomes an isomorphism with inverse —'\Ifr.
! r!

Proof. The first step is to obtain a well defined map, for every r > 0,
T

—_———
(GR RQE)(k) L FW(G)
(@1, o) — @ory o) FIHIW(G)

v, :

The argument is exactly the same as the proof of the first two steps of proposition (2.2.4).
We will now show that this map factors through S, (k; G). Let C' be a smooth complete
curve over k having function field K. Let g € G(K) and S = {P € C : g ¢ G(Op)} be the

set of bad places of g. Let f € K* be a function such that f(P) =1, for every P € S. We
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need to show that

> ordp(f) Trypy i ([9(P)]) = 0

in W(G). Here by Tryp)/;, we denote the push-forward map W(G X k(P)) — W(G). Set
Cop = C — S. Then g induces a morphism ¢ : Cy — G. Since Wiesend’s ideal class group
is covariant with respect to morphisms, we obtain a push forward g, : W(Cy) — W(G). By
property (3) of Wiesend’s class group, we have that the group W (Cj) is equal to the group
of divisors on C prime to S modulo S-equivalence, and therefore div(f) = 0 in W(Cj). This

forces

gx(div(f)) = > ordp(f) Trypyi([9(P)]) = 0 € W(G).
Pgs

3.4 Motivation towards Reciprocity Functors

The purpose of this section is to provide a short introduction to the next chapter. The main
result of chapter 4 concerns a newly developed theory of reciprocity functors introduced by
Ivorra and Riilling in [20]. Before we introduce this new category RF of reciprocity functors,

we discuss what appears to have motivated this definition.

3.4.1 Presheaves with transfers

Let k be a field. Let Sm/k be the category of smooth schemes over k. This category is
far from being abelian, because it does not have enough morphisms. Voevodsky defined a
larger abelian category, namely the category Corj. The objects of this category are precisely
the objects of Sm/k but the morphisms are given by finite correspondences. A finite cor-
respondence Y — X is given by a closed subvariety Z < Y x X such that the projection

to the first factor is finite and surjective. Note that if Y i> X is a morphism of smooth
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schemes, then f induces a finite correspondence given by the graph I'y of f. Hence we have
an inclusion of categories (Sm/k) C Cory,.

A presheaf with transfers F is a presheaf on Corj. Alternatively, a presheaf with transfers
F is a presheaf on Sm/k with the additional property that for any finite correspondence
Y — X we have a pull-back map F(X) — F(Y).

Remark 3.4.1. A presheaf with transfers is in particular a Mackey functor. For, if L/k is
a finite field extension, then we have the usual morphism Spec L — Spec k of schemes, but

also we have a finite correspondence Spec k — Spec L.

In section 1.2.2 we mentioned that every commutative algebraic group G over k induces

a Mackey functor. In fact, every such group induces a presheaf with transfers.

3.4.2  The category Hlnig

Let k be a perfect field. We consider the category PST of presheaves with transfers. Kahn
and Yamazaki in [22] introduced a new category, Hlyjs, with objects homotopy invariant
Nisnevich sheaves with transfers. An object F of Hlyjs is a presheaf with transfers satisfying

the following two additional properties.
1. F is a sheaf for the Nisnevich topology.

2. F is homotopy invariant. This means that for every smooth connected scheme U over

k the pull-back map F(U) — F(U x Al) is an isomorphism.

Example 3.4.2. Let G be a semi-abelian variety over k. Then G induces a Nisnevich
sheaf with transfers by assigning to every smooth scheme U over k the group Homy (U, G).
Furthermore, G is homotopy invariant. For, every morphism Al — G must be constant and

therefore the restriction G(U) — G(U x Al) is an isomorphism.

As we already discussed in chapter 1, for a smooth variety X over a field k, the group C Hy(X)

is a birational invariant of the variety. This property does not pass to Suslin’s singular
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homology group, Hosmg (X), unless X is proper. The property that these two geometric
invariants have in common though is that they both induce homotopy invariant sheaves

with transfers.

Example 3.4.3. Let X be a smooth projective variety over a field k. It is a theorem of Huber
and Kahn (2.2 in [19]) that the group C' Hy(X) induces a homotopy invariant Nisnevich sheaf

with transfers CHy(X) by assigning to a smooth connected scheme U over k the group
CHy(X)(U) = CHo(X x k(U)).

Kahn and Yamazaki showed that the category Hlyjg is abelian with a tensor product
Fi1 ® e ®.7—"T. This tensor product when evaluated at Speck is given by a Somekawa
type K-group,

F1Q) - Q) Fr(Speck) = K(k; Fi, -+, Fr).

The group K(k;Fi,---,Fr) is defined using local symbols imitating the original definition
of the Somekawa K-group. They prove that this group is isomorphic to its geometric variant
K9°(k; Fi,--- ,Fpr) which is defined similarly to definition 3.2.4. We note that the main

relation in both those groups is given by Weil reciprocity.

3.4.8 First Examples of more general reciprocity: Generalized Jacobians

and the modulus condition

The category Hlyjs captures all the homotopy invariant phenomena. The question that
arises is whether one can define a larger triangulated category that will encode also unipotent
information.

We note that a commutative algebraic group G with a non-trivial unipotent part is a
presheaf with transfers that is no longer homotopy invariant. It might still contain significant

geometric information though as the next motivating example indicates.

66



Example 3.4.4. Let C' be a smooth complete curve over a field k. Let f : C' --+ G be a
rational map to a commutative algebraic group G over k. The theory of Rosenlicht-Serre

described in [36] tells us that f admits a modulus m = Z npP. This means that f is

PeC
regular outside the support S of m and moreover for every function g € k(C)* such that

ordp(1 — g) > np for every P € S the following reciprocity holds

> ordp(g) Tryp)k(f(P)) = 0 € G(k).
PgS

This example from the theory of curves was the main motivation for the definition of a
larger category of sheaves, containing the homotopy invariant ones, satisfying more general
reciprocity relations. We give a quick overview of some aspects of this theory in the next

chapter.
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CHAPTER 4
LOCAL SYMBOLS AND RECIPROCITY FUNCTORS

4.1 Introduction

Let F' be a perfect field. We consider the category Ep of finitely generated field extensions
of F. In [20], F. Ivorra and K. Riilling created a theory of reciprocity functors. A reciprocity
functor is a presheaf with transfers in the category Reg=! of regular schemes of dimension
at most one over some field k£ € £ that satisfies various properties.

Some examples of reciprocity functors include commutative algebraic groups, homotopy
invariant Nisnevich sheaves with transfers, Kéahler differentials. Moreover, if My,--- M,
are reciprocity functors, Ivorra and Riilling construct a K-group T(My,- -, M,) which is
itself a reciprocity functor.

One of the crucial properties of a reciprocity functor M is that it has local symbols.
Namely, if C'is a smooth, complete and geometrically connected curve over some field k € Ep

with generic point 7, then at each closed point P € C there is a local symbol assignment
()P M) x Gm(n) = M(k),

satisfying three characterizing properties, one of which is a reciprocity relation Z (g:f)p=

PeC
0, for every g € M(n) and f € Gy,(n). We note here that if G is a commutative algebraic

group over an algebraically closed field &, then the local symbol of G coincides with the
local symbol constructed by Rosenlicht-Serre in [36]. The reciprocity relation induces a local

symbol complex (C')

M ((:)p) >
(MR Cm) () T P M(k) =5 Mk),
PeC

where by ®M we denote the product of Mackey functors (see def. 1.2.3). The main goal
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of this chapter is to give a description of the homology H(C) of the above complex in
terms of K-groups of reciprocity functors. Our computations work well for curves C' over
an algebraically closed field k. In the last section we describe some special cases where the
method could be refined to include non-algebraically closed base fields. To obtain a concrete

result, we need to impose two conditions on the reciprocity functor T(M,CHy(C)?) (see

assumptions 4.3.2, 4.3.9). In section 4.3 we prove the following theorem.

Theorem 4.1.1. Let C be a smooth, complete curve over an algebraically closed field k. Let
M be a reciprocity functor such that the K-group of reciprocity functors T(M,CHy(C)Y)
satisfies the assumptions 4.3.2 and 4.3.9. Then the homology of the local symbol complex
(C) is canonically isomorphic to the K-group T(M,CHy(C)")(Speck).

Here CH(C)? is a reciprocity functor that is identified with the Jacobian variety .J of
C.
In section 4.4 we give some examples of reciprocity functors that satisfy the two assump-

tions. In particular, we prove the following theorem.

Theorem 4.1.2. Let Fy,--- ,Fy be homotopy invariant Nisnevich sheaves with transfers,
and consider the reciprocity functor M = T(Fy,--- ,Fy). Let C be a smooth, complete curve

over an algebraically closed field k. Then there is an isomorphism
H(C) = T(Fy,- , Fr,CHo(C)")(Speck).
In particular, if G1,- -+ , Gy are semi-abelian varieties over k, then we obtain an isomorphism
H(C) = T(G1, -, Gr, CHy(C)*)(Speck) = K(k: Gy, -+ . Gr, CHy(C)"),

where K (k; G, -+ ,GT,C’_HO(C’)O) is the Somekawa K -group attached to Gy, -+ ,Gy.

Another case where the assumptions of theorem 4.1.1 are satisfied is when M is of the

form M = T(My,---, M,;) such that M; = G, for some i € {1,--- ,r}. Using the main
69



result of [32] together with theorem 5.4.7. in [20], we obtain the following corollary.

Corollary 4.1.3. Let My,--- , M, be reciprocity functors. Let M =T (Ggq, Mq,--- , M;).
Then for any smooth complete curve C over k, H(C) = 0. In particular, if chark = 0, the

R .
complex szrcl) il g Dpec &i QF is exact.

The idea for theorem 4.1.1 stems from the special case when M = G,,,. In this case the
local symbol k(C)* @M k(C)* (if k* at a closed point P € C factors through the group
T(Gm, Gm)(ne). By a theorem in [20] this group is isomorphic to the usual Milnor K-group

KM (k(C)) and we recover the Milnor complex

K3 (k(C) — €D K~ LE X
PeC

This complex was studied by M. Somekawa in [37] and R. Akhtar in [1]. Using different
methods, they both prove that the homology of the above complex is isomorphic to the
Somekawa K-group K(k;Gy,, CH 0(0)0). This group turns out to be isomorphic to the
group T(Gyp,, CHo(C)))(Speck). (by [20], theorem 5.1.8. and [22], theorem 11.14). A
similar result was proved by T. Hiranouchi in [18] for his Somekawa-type additive K-groups.
Our method to prove theorem 4.1.1 is similar to the method used by R. Akhtar and T.

Hiranouchi.

Notation 4.1.4. Let C' be a smooth complete curve over k € £ and P € C a closed point.

For an integer n > 1, we set Ugb) ={f €k(C)* :ordp(l — f) >n}.

4.2 Review of Definitions

4.2.1 Reciprocity Functors

Let Reg=! be the category with objects regular F-schemes of dimension at most one which

are separated and of finite type over some k € Ep. Let Reg=! Cor be the category with the
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same objects as Reg=! and with morphisms finite correspondences. A reciprocity functor
M is a presheaf of abelian groups on Reg=! Cor which satisfies various properties. Here we

only recall those properties that we will need later in the paper.

Notation 4.2.1. Let M be a reciprocity functor. For k£ € &p we will write M(k) :=
M(Speck).

Let E/k be a finite extension of fields in €. The morphism Spec E — Spec k induces
a pull-back map M(k) — M(E), which we call restriction and will denote by resg Ik
Moreover, there is a finite correspondence Speck — Spec E which induces a push-forward
M(E) — M(k), which we will call the trace and denote it by Trg ;..

Injectivity: Let C' be a smooth, complete curve over k € £p. Each open set U C C
induces a pull-back map M(C) — M(U) that is required to be injective. Additionally, if

nc is the generic point of C'; we have an isomorphism
lim M(U) — M(nc),

where the limit extends over all open subsets U C C.

Specialization and Trace maps: Let P € C be a closed point. For each open U C C

with P € U, the closed immersion P < U induces M(U) — M(P). We consider the stalk
Mcep = h_n)l/\/l(U ), where the limit extends over all open U C C' with P € U. The above

morphisms induce a specialization map
sp: Mgp— M(P).
Moreover, for every closed point P € C we obtain a Trace map, which we will denote by

Trp/k : M(P) — M(/{Z)
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4.2.2  The modulus condition and local symbols

Let M be a reciprocity functor. Let C' be a smooth, projective and geometrically connected
curve over k € £p. The definition of a reciprocity functor imposes the existence for each
section g € M(nc) of a modulus m corresponding to g. The modulus m is an effective
divisor m = > p.gnpP on C, where S is a closed subset of C, such that g € Mg p, for

every P ¢ S and for every function f € k(C)* with f € ﬂ Uéng), it holds
PeS

> ordp(f) Trpy(sp(g)) = 0.
PeC\S

Notation 4.2.2. Let f € k(C)™ be such that f € ﬂ Uénﬁ). Then we will write f = 1

PeS
mod m.

The modulus condition on M is equivalent to the existence, for each closed point P € (|

of a bi-additive pairing called the local symbol at P

(5P Mne) x Gp(ng) — M(k)

which satisfies the following three characterizing properties:
1. (g;f)p=0, for f € Uén;;), where m = Z npP is a modulus corresponding to g.
PeS
2. (g: f)p = ordp(f) Trp/i.(sp(9)), for all g € M¢ p and f € k(C)*.

3. Z (g; /)p =0, for every g € M(ne) and f € k(C)*.
pPeC

The proof of existence and uniqueness of this local symbol is along the lines of Prop.1 Chapter
IIT in [36]. In this paper we will use the precise definition of (g; f)p, for g € M(n¢) and
f € k(C)*, so we review it here.

Case 1: If g € M p, property (2) forces us to define (g; f)p = ordp(f) Trp i (sp(9)).
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Case 2: Let P € S. Using the weak approximation theorem for valuations, we consider
an auxiliary function fp for f at P, i.e. a function fp € k(C)* such that fp € Uéngﬁ) at

every PP € S, P'# P and f/fp € Uénf,). Then we define

(9: F)p=— Y ordg(fp) Trgk(sq(9))-
QES
Using the local symbol, one can define for each closed point P € C, F' il?;/\/l(nc) =Mcp

and for r > 1

FilpM(ne) ={g9€ M(nc) : (g; f)p =0, forall f € Ug}}'

Then {Fil’p},>0 form an increasing and exhaustive filtration of M(n¢).

The reciprocity functors M for which there exists an integer n > 0 such that it holds
M(ne) = Fill, M(nc), for every smooth complete and geometrically connected curve C' and
every closed point P € C, form a full subcategory of RF, which is denoted by RF},. (see
def. 1.5.7. in [20)).

4.2.8 K-group of Reciprocity Functors

Let My, -+, My, be reciprocity functors. The K-group of reciprocity functors T'(My, - - - , My,)
is itself a reciprocity functor that satisfies various properties. (4.2.4. in [20]). We will not

need the precise definition of T'(Myq,--- , My,), but only the following properties.

M M
1. For k € &p, the group T'(My, -, Mp)(k) is a quotient of (M7 ®®Mn)(k),
M
where by ® we denote the product of Mackey functors. The group T'(Mq, - -, My)(k)

is generated by elements of the form Try /(21 ® -+ ® xy), with z; € M;(K'), where

k' [k is any finite extension.

2. Let C be a smooth, complete and geometrically connected curve over L € &, and let
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P € C be a closed point. Let g; € M;(nc). Then

(a) If for some r > 0 we have elements g; € Fil,M;(nc) for every i = 1,--- ,n,
then g1 ® -+ ® gn € FilpT(My,--- , My)(nc). Moreover, if the element g; has

modulus m; = Z né;P, fori = 1,---,n, then m = Z max {niD}P is a
Pes; PeuUs; =1sn

modulus for g1 ® - - ® gn.

(b) If g; € Fil%/\/li(nc), for i =1,--- ,n, then we have an equality

sp(g1® - ®gn) =5p(g1) ®--- @ sp(gn).

4.2.4  Eramples

Some examples of reciprocity functors include constant reciprocity functors, commutative
algebraic groups, homotopy invariant Nisnevich sheaves with transfers. For an explicit de-
scription of each of these examples we refer to section 2 in [20]. The following example is of
particular interest to us.

Let X be a smooth projective variety over k& € £r. Then there is a reciprocity functor

CHy(X) such that for any scheme U € Reg=! over k we have
CH(X)(U) = CHo(X x}, k(U)).

Since we assumed X is projective, the degree map C'Hy(X) — Z induces a map of reciprocity
functors CHy(X) — Z whose kernel will be denoted by CH(X)Y. Both CHy(X) and
CHy(X)" are in RFy.

Remark 4.2.3. We note here that if X has a k-rational point, then we have a decomposition
of reciprocity functors CHy(X) ~ CH(X)Y@®Z, where Z is the constant reciprocity functor.

Moreover, if My,---, M, are reciprocity functors, then by corollary 4.2.5. (2) in [20] we
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have a decomposition

T(C_HO(X)7M17 7M7") = T(C_HO(X)OaMla 7M7"> ®T(Z7M1a 7M’f‘>'

Relation to Milnor K-theory and Kahler differentials:

If we consider the reciprocity functor T(G)") := T(Gy, -+ ,Gy,) attached to n copies of
G, then for every k € Ep the group T(G,5")(k) is isomorphic to the usual Milnor K-group
KM (k) (theorem 5.3.3. in [20]).

Moreover, if k is of characteristic zero, then the group T(Gq, GX" 1) (k), n > 1, is
isomorphic to the group of Kahler differentials QZ/_Z1 (theorem 5.4.7 in [20]).

4.3 The homology of the complex

Convention 4.3.1. From now on, unless otherwise mentioned, we will be working over an

algebraically closed base field k € Ep.

Let M be a reciprocity functor. Let C' be a smooth complete curve over k£ with generic
point no. At each closed point P € C we have a local symbol (.;.)p. We will denote by

(.;.)¢ the collection of all symbols {(.;.)p} pec, namely

()0t M) @ G(ne) = D M(k).
PeC

We note here that a reciprocity functor M is also a Mackey functor. Using the functoriality
properties of the local symbol at each closed point P € C' (prop. 1.5.5. in [20]), we obtain a

complex

> () >
(M®Gm)(?70) = @ M(k) =5 M(k).

pPeC

Namely, if C’ is a smooth complete curve over k with function field k(C’) D k(C) and we
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have a section g € M(ncs) and a function f € k(C’)*, then we define

@ hHe=0 > (g:f)p)pe P Mk)
A(P')=P PeC
where \ : ' — (' is the finite covering induced by the inclusion k(C') C k(C").

We will denote this complex by (C) and its homology by H(C). We consider the reci-
procity functor CHy(C). Notice that the existence of a k-rational point Py € C(k) yields
a decomposition of reciprocity functors CHy(C) ~ CH(C) @ Z. We make the following
assumption on the K-group T (M, CH(C)).

Assumption 4.3.2. Let M be a reciprocity functor. Let g € M(nc), h € CHy(C)(nc) and
fek(C)*. Let P € C be a closed point of C'. Assume that the local symbol (¢ ® h; f)p €
T(M,CHy(C))(k) vanishes at every point P such that sp(h) = 0.

In the next section we will give examples where the assumption 4.3.2 is satisfied.

Proposition 4.3.3. Let M be a reciprocity functor over k satisfying 4.3.2. Then there is a

well defined map

o (6D MK)/Im((;;)¢) = T(M,CHy(C))(k)
PeC

(ap)pec = Y ap @[P].
pPeC

Proof. First, we immediately observe that if P € C' is any closed point of C', then the map
op : M(k) = T(M,CHy(C))(k) given by a — a ® [P] is well defined. In particular, the

map

d = qup P M(k) = T(M,CHy(C)) (k)

pPeC

is well defined. Let D be a smooth complete curve over k£ with generic point np and assume

there is a finite covering A : D — C. Let g € M(np) and f € k(D)* be a function. For every
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closed point P € C we consider the element (ap)p € @ M(k) such that ap = (g; f)p-
peC
We are going to show that ®( Z (g; f)p) =0.

peC
First, we treat the case D = C and A = 1. The element g € M(n¢) admits a modulus

m with support S. We consider the zero-cycle h = [no] € CHy(C)(nec). Notice that for
a closed point P € C, the specialization map sp : CHy(C)(no) — CHy(C)(k) has the

property sp(h) = [P]. We are going to show that for every P € C| it holds

®((g; flp)=(g@h; f)p

and the required property will follow from the reciprocity law of the local symbol. We

consider the following cases.

1. Let P ¢ S. Then,

((g;f)p) = oplordp(f)sp(g)) = ordp(f)sp(g) ® [P] = ordp(f)sp(g) @ sp(h) =

ordp(f)sp(g®h) = (9@ h; f)p-.

2. Let P € Sand f =1 mod m at P. Since CHy(C) € RFy, h does not contribute to

the modulus, and hence, by 2.3 (b)(ii) we get:
®((g: f)p) = 2(0) =0=(g@h; f)p.

3. Let now P € S and f € K* be any function. We consider an auxiliary function fp

for f at P. By the definition of the local symbol, we have:

O((g: f)p) = op(= > ordg(fp)sglg)) = = > ordg(fp)sgly) @ [P] =

Q¢S QES
— Z ordg(fp)sg(g) ® [Q] + Z ordg(fp)sg(g) ® ([Q] — [P]).
Q¢ES QES
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We observe that we have an equality
(9@ flp == ordg(fp)sqle) @ Q).
QES

Next, notice that the flat embedding k& — k(C) induces a restriction map res, k

CHy(C) — CHy(C x n¢). Let hg =res, ;. ([P]). Then we clearly have
> ordg(fp)sqle) ® ([P = [Q)) = (9. © (ho — h); f)p.
Q¢S

Since we assumed that the assumption 4.3.2 is satisfied, we get that this last symbol

vanishes. For, sp(h — hg) = 0.

The general case is treated in a similar way. Namely, if A : D — C' is a finite covering of
smooth complete curves over k and g € M(np), then the local symbol at a closed point
P € C is defined to be (g; f)p = Z)\(Q):P(% f)g- Considering the zero cycle h = [np] €
CHy(C)(np), we can show that

Pp((g; f)p) = (g@h; f)p.

From now on we fix a k-rational point Py of C'. We obtain the following corollary.

Corollary 4.3.4. The map ® of proposition 4.3.3 induces a map

. H(C) = T(M,CHy(C)O) (k)

(ap)pec — Y a® ([P] - [R)).
PeC

which does not depend on the k-rational point Fy.
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Proof. If (ap)pec € H(C), then Zap = 0 € M(k) and hence Zap ® [P] =0 €
P P

T(M,CHy(C))(k). We conclude that if (ap)pec € H(C), then

®((ap)pec) € T(M,CHy(C)") (k)

and clearly the map does not depend on the k-rational point F.
O

Definition 4.3.5. Let My,--- , M, be reciprocity functors over k. We consider the geo-

metric K-group attached to My, .-+, M,
M M
ngo(k; Mla T >MT) = (Ml ® e ®MT)(1€)/R7

where the subgroup R is generated by the following family of elements:
Let D be a smooth complete curve over k with generic point np. Let g; € M;(np). Then
each g; admits a modulus m;. Let m = sup m; and S be the support of m. Let f € k(D)*

1<i<r
be a function such that f =1 mod m. Then

> ordp(f)splgl) ® - @ splgr) € R,
Pgs
Notation 4.3.6. The elements of the geometric K-group K9¢°(k; My, -+, M,;) will be

denoted as {71 ® - - - @ - }9°.

Remark 4.3.7. In the notation of [20] the group K9¢°(k; My, -+, M,) is the same as the
Lax Mackey functor LT (My,--- , M;) evaluated at Speck. (def. 3.1.2. in [20]). In general
the group T(My,--- , M;)(k) is a quotient of K9°(k; Mq,---, M,). In the next section

we give some examples where these two groups coincide.
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Proposition 4.3.8. Let Py be a fized k-rational point of C'. The map

U:  K9(k;M,CHy(C))) — H(C)

{r @ ([P] = [P} — (zpr)prec:

x, PP=P
with xpr = ¢ —x, P' = Py for P # By, is well defined and does not depend on the choice

0, otherwise,
of the k-rational point F.

Proof. We start by defining the map ¥p M(k)@CHy(C) (k) — H(C) as in the statement
of the proposition. To see that Vp, is well defined, let f € k(C)*. We need to verify that
for every x € M(k) it holds Vp, (z ® div(f)) = 0. Let 7 : C' — Speck be the structure
map. Consider the pull back ¢ = 7*(z) € M(C). Then g € M(n) has modulus m = 0
and hence for a closed point P € C we have (g, f)p = ordp(f)sp(7*(z)) = ordp(f)x. Since
VU p,(r®@div(f)) = (ordp(f)z) pec, we conclude that ¥p (z @ div(f)) € Im(.,.)c.

Next, notice that W p, does not depend on the base point Fp. For, if ) is another base

point, then

Vo, ({z @ ([P] = [R])}) =

Vo, ({z @ ([P] = [Q)}™) = ¥o,({z @ ([R] = [Qo])}*).

Vo,({z @ ([P] — [Qo])}9¢°) gives the element z at the coordinate P and —x at the coor-
dinate Qo, while —Vq ({x @ ([Fy] — [Qo])}9°°) gives —z at coordinate Py and z at Q.
From now on we will denote this map by W. In order to show that ¥ factors through
K9¢°(k; M, CH O(C)O), we consider a smooth complete complete curve D with generic point
np. Let g1 € M(np) admitting a modulus m with support Sp and go € CHy(C)(np)

having modulus mo = 0. Let moreover f € k(D)* be a function such that f = 1 mod m.
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We need to show that

U( Y ordp(f){sr(gr) @ spr(g2)}9°) =0 € H(C).
RZSp

Since we assumed the existence of a k-rational point Py, the group CH(C)"(np) is generated
by elements of the form [h] —mlresy p) 1,(Fo)], where h is a closed point of €' x k(D) having
residue field of degree m over k(D). Using the linearity of the symbol on the last coordinate,

we may reduce to the case when g9 is of the above form. Notice that h = Speck(E) —

C' xSpeck(D), where F is a smooth complete curve over k, and hence h induces two coverings

E-2-D
1
C.

Let Sp = )\_I(SD). For a closed point R € D, we obtain an equality:

se((b) = ) eQ/R)uQ),
MQ)=R

where e(Q)/R) is the ramification index at the point Q € E lying over R € D. Since

m=[k(E): k(D))= Y  e(Q/R), we get
ANQ)=R

U( > ordp(f){sr(gr) ® spg2) ) =

RZSp

(> ordp(f)isp(gn) @ (Y e(Q/R)[1(Q)] — m[Po])}) =
RZSp MQ)=R
(Y Z e(Q/R) ordg(f){sr(g1) ® ([W(Q)] — [Fo])}T) =
RZSp A\(Q

(> OfdQ( (s (g1) @ ([1(Q)] = [Po]) }9°).
RESp

In the above computation we used the fact that for a closed point @) € E lying over R € D,
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it holds sp(g1) = sg(A\*(g1)) (this equality follows from prop. 1.3.7.(Sz) in [20] and the
assumption that the base field k is algebraically closed).

We conclude that

V(Y ordgN (M) sV (91) ® (In(@)] = [Pl Ygn) =
Q¥¢SE

> u(@)=p ordQ(N*(f))sq(\*(g1)), at P # Py
= 2o P£Py 2ou(Q)=P ordQ (N (f))sq(A*(g1)). at Py

This last computation completes the argument, after we notice that the reciprocity of the

local symbol yields an equality

=D Y ordg(W()s(X(g1) = (N (91); A () py.

P#Po u(@Q)=P

We make the following assumption on T'(M, CHy(C)Y).

Assumption 4.3.9. Let M be a reciprocity functor. Assume that the geometric K-group
K9 (k; M, CHy(C)?) coincides with the group T(M, CHy(C)) (k).

Theorem 4.3.10. Let M be a reciprocity functor such that the group T(M,CHy(C)Y)(k)

satisfies both assumptions 4.3.2 and 4.53.9. Then we have an isomorphism

H(C) = T(M,CHy(C)°) (k).

Proof. By proposition 4.3.8 we obtain a homomorphism

T(M,CH(C)%)(k) = H(C).
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It is almost a tautology to check that W is the inverse of ®. Namely,
PV (z @ ([P] = [R])) = B((wpr)pr) = ) ap @ [P]=c@[P] -z @ [R),
and
Vo((zp)p) = V() zp @ ([P] - [R]) = (zp)p.

Notice that for the last equality, we used the fact that (zp)pecc € ker(d peer), and hence

at coordinate Py we have rp = — Z Tp.
P+P,

4.4 Examples

In this section we give some examples of reciprocity functors M such that the K-group of

reciprocity functors T(M, CHy(C)Y) satisfies the assumptions 4.3.2 and 4.3.9.

4.4.1 Homotopy Invariant Nisnevich sheaves with Transfers

We consider the category Hlyj;g of homotopy invariant Nisnevich sheaves with transfers over a
perfect field F'. We already introduced this category in section 3.4.2. Let Fq,--- , Fr € Hlnis-
Then each F; induces a reciprocity functor F; € RF| (see example 2.3 in [20]). Moreover,
the associated K-group of reciprocity functors T(]:"l, e ,]:"7«) is also in RF7. We claim that
T(T(Fy,--- , Fr), CHy(C)9) satisfies both assumptions of theorem 4.3.10. The claim follows
by the comparison of the K-group T(T(Fy,--- , Fr), CHy(C)?)(k) with the Somekawa type
K-group K (k; Fy--- , Fp, CHy(C)?) defined by B.Kahn and T.Yamazaki in [22] (def.5.1).

Remark 4.4.1. If Mq,---, M, are reciprocity functors with r» > 3, then F. Ivorra and K.
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Riilling in corollary 4.2.5. of [20] prove that there is a functorial map
T(M17 e aMT) - T(T(M17 e aMT—l)yMT)

which is surjective as a map of Nisnevich sheaves. It is not clear whether this map is always
an isomorphism which would imply that T is associative and we would call it a product. In
the case F; € Hlyjg, for every i € {1,--- ,r}, associativity holds. In fact, in this case there

is an isomorphism of reciprocity functors

T(Fr.- Fr) =~ (A1 Q) ---A® - Fr),

Hlnis  Hlnis

where F7 ®HIN13 e ®HINis Fyr is the product of homotopy invariant Nisnevich sheaves with

transfers. (see 2.10 in [22] for the definition of the product and theorem 5.1.8 in [20] for the

isomorphism).
Notation 4.4.2. By abuse of notation from now on we will write T'(Fq,--- , Fp) for the
K-group of reciprocity functors associated to .7:"1, e ,.7:"7«.

Remark 4.4.3. Let NST be the category of Nisnevich sheaves with transfers. We note here
that there is a left adjoint to the inclusion functor NST — Hlyjs which is denoted by hONiS
(see section 2 in [22]). If U is a smooth curve over F', then there is a Nisnevich sheaf
with transfers L(U), where L(U)(V) = Cor(V,U) is the group of finite correspondences for
V' smooth over F'| i.e. the free abelian group on the set of closed integral subschemes of
V x U which are finite and surjective over some irreducible component of V. Then the
corresponding homotopy invariant Nisnevich sheaf with transfers hgﬁs(U ) = hONiS(L(U ) is

the sheaf associated to the presheaf of relative Picard groups
V — Pic(U x V,D x V),
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where U is the smooth compactification of U, D = U \ U and V runs through smooth

F-schemes. When U is projective we have an isomorphism hONiS(U )~ CHy(U) (see lemma

11.2 in [22]). In particular, CH;(C) is homotopy invariant Nisnevich sheaf with trasnfers.
Let F € Hlyjs. If we are given a section g € F(U) for some open dense U C C, then g

induces a map of Nisnevich sheaves with transfers ¢ : hgﬁs(U ) — F such that

p(U):  hYS(U)(U) — F(U)

[A] = g,

where [A] € hONiS(U )(U) is the class of the diagonal. The existence of the map ¢ follows by

adjunction, since we have an obvious morphism L(U) — F in NST.

Lemma 4.4.4. Let Fq,--- ,Fpr € Hlnjs be homotopy invariant sheaves with transfers. Then
the K -group of reciprocity functors T(T(Fy,--- , Fy), CHy(C)Y) satisfies the assumptions of
theorem 4.3.10.

Proof. By remark 4.4.1 we get an isomorphism
T(T(F1, - Fr),CHo(C)")(k) = T(F1, -, Fr, CHo(C)) ().

Moreover, by theorem 5.1.8. in [20] we get that the groups K9 (k; Fq,-- - ,FT,C_HO(C’)O)
and T(Fq,--- , Fp, CHy(C)?)(k) are equal and they coincide with the Somekawa type K-
group K (k;Fq,--- ,fT,C_HO(C’)O). We conclude that assumption 4.3.9 holds.

Regarding the assumption 4.3.2, let g; € Fi(nc) and b € CHy(C)0(ne) such that
sp(h) = 0 for some closed point P € C. Let moreover f € k(C)*. We need to verify

that (g1 ® - - ®@gr @h; f)p =0. If g; € F; ¢ p, for every i € {1,--- ,r}, then

(1@ @gr@h;f)p=ordp(f)sp(g1) ® - @sp(gr) @ sp(h) = 0.

Assume P is in the support of g; for some i € {1,--- ,r}.
85



We first treat the case when F; is curve-like (see def. 11.1 in [22])), for ¢ = 1,--- 7.
For such F; it suffices to consider elements g; € F;(nc) with disjoint supports (proposition
11.11 in [22]). In this case the claim follows by the explicit computation of the local symbol
(lemma 8.5 and proposition 11.6 in [22]). Namely, if P € supp(g;), then the local symbol at

P is given by the formula

@ @ghflp=splg)® - 0dplg,f)@ - @sp(gr) ®sp(h) =0,

where Op(g;, f) is the symbol at P defined in section 4.1 of [22].

Assume now that F; is general, for ¢ = 1,--- 7. Since g; € F;(nc) and F;(no) =~
li_I>n]-"i(U), there is an open dense subset U; C C' such that g; € F(U;), for i =1,--- ,r. By
remark 4.4.3 we get that the sections g; induce morphisms in Hlyjig, ¢; : hgﬁS(Ui) — F. In

particular, we get a homomorphism
_ . . 73 Nis Nis 0 . 0
with the property

(1@ @gr@h; flp=¢(([A]©--- @ [Ar]@h; f)p).

Notice that the latter element vanishes, because hONiS(UZ') is curve-like, for ¢ = 1,---,r
(lemma 11.2(c) in [22]) and hence ([A]® - Q@ [Ar] @ h; f)p = 0.
]

Corollary 4.4.5. Let Fy,--- , Fp € Hlnis. Let M =T(Fy,---, Fp) and let (C) be the local
symbol complex associated to M corresponding to the curve C. Then there is a canonical
1somorphism

H(C) = T(Fy, -, Fp, CHo(C)0) (k).
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In particular, if G1,--- , Gy are semi-abelian varieties over k, then

H(C)~T(Gy, - ,Gr, CHy(C)N (k) ~ K(k; Gy, -, Gy, CHy(C)Y),

where K (k;G1,- -, Gy, CHy(C)?) is the usual Somekawa K -group attached to semi-abelian

varieties. ([37], def. 1.2)

4.4.2 The G,-Case

In this subsection we consider reciprocity functors My,--- , My, r > 0 and set My = Gq.

We consider the K-group of reciprocity functors T'(Gq, M1, -+, M;).

Lemma 4.4.6. The K-group T(T(Gg, My,---, M,;),CHy(C)°) satisfies the assumption
4.3.2.

Proof. We have a functorial surjection
T(Ga, M1, -+, My, CHy(C)°) (k) = T(T(Ga, My, -+ , My), CHo(C)") (k).

The first group vanishes by the main result of [32] (theorem 1.1). Therefore, the second

group vanishes as well. In particular, 4.3.2 is satisfied.

]

Lemma 4.4.7. The K-group T(T(Gq, My, --- ,/\/lr),C'_HO(C')O) satisfies the assumption
4.3.9.

Proof. To prove the lemma, it suffices to show that K9°(k; T(Gq, M1, - -- , M;), CHy(C)Y)
vanishes.

Claim: There is a well defined local symbol

T(Ga, M1, -+, M) (ne)2CHo (C) (ne)@k(C)* = KI(k; T(Ga, My, - -+, My), CH(C)")
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satisfying the unique properties (1)-(3) of section 2.2.
To have a well defined local symbol following Serre ([36]), we need for every closed point

P € C' the natural map
h
T(GCM Mla e )MT)(OC,P)®C_HO<C)O(OC,P) - T<GCL7 Mla e 7MT)(UC)®C_HO(O)O<UC)

to be injective. For, if g1 € T(Gq, M1,--- , My)(nc), g2 € CHy(C)0(ne), then we say that
91 ® go is regular, if g1 ® go = h(§1 ® §2), for some g1 @ go € T(Gq, My,--- , My )(Oc p) @

CHy(C)Y(O¢ p). For such g1 ® go we can define (g1 ® g2; f)p = ordp(f)sp(d1) ® sp(ja)-

For non regular g; ® go we define the local symbol using an auxiliary function fp for f at P
as usual. (see section 2.2) The symbol (.;.)p is well defined, since there is a unique lifting
g1 ® g2 and the unique properties (1)-(3) of section 2.2 are satisfied by the very definition of
the group K9°(k; T(Gq, My, - -- ,MT),C_HO(C)O). Therefore to prove the claim, it suffices
to show the injectivity of h.

Note that we have an equality
CHy(C)(Oc,p) == CHy(C x k(Spec(Oc,p))) = CHy(C)’ (ne)-

Moreover, the map T'(Gq, My, -+, My)(Oc p) = T(Gq, My, -+, My)(nc) is injective by
the injectivity condition of reciprocity functors. Next, notice that T'(Gg, M1, -, M;) be-
comes a reciprocity functor of either Q or F)-vector spaces, depending on whether char F' is

0 or p > 0. Setting k = Q or Z/p depending on the case we have,

T(Ga, My, , M) (O¢,p) ®7, CHy(C)(O¢ p) =

T(Ga, M1, -+, M) (Oc.p) @ (k @7 CHy(C)(Oc,p)).

Since the k-module k ®7 C_HO(C)O(OQP) is flat, the claim follows.

To prove the lemma, we imitate the proof of Riilling-Yamazaki of the vanishing of
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T(Gg, My, -+, My, CHo(C)))(K) in [32]. Namely, let {(zq,--- ,zr),(}9¢ be a generator
of K9°(k; T(Gg, My, -+ ,Mr),C_HO(C)O). Since k is algebraically closed, we may assume

¢ = [Py] — [P1], for some closed points Py, Py € C. Then we can show that

{(wo, -+, 2r), (F° = ) (w09 ® resy(cy /. (x1) -+ @ vesy oy (zr) @ s fp =0,
peC
where f € k(C)* is a function such that ordp,(f) =1 and ordp, (f) = —1 and g € k(C)*

is obtained using the exact sequence

1

@ ( )/ ZRest—)O.
PeC C

For more details on the above local symbol computation we refer to section 3 in [32]. In
particular, we refer to 3.2 and 3.4 for the choice of the functions f, g € k(C)*.

[]

Corollary 4.4.8. Let My,--- , M, be reciprocity functors. Let M =T (Ggq, My, , M,).
Then for any smooth complete curve C' over k, H(C) = 0. In particular, if char F' = 0, the

R
complex Qn+1 il @ Qy Z—> Q. is ezact.
pPeC

Proof. When char ' = 0, Ivorra and Riilling showed an isomorphism of reciprocity functors

0: Q" ~T(Gg, G*™) (Theorem 5.4.7 in [20]). Moreover, the complex (C) factors through

n+1
Qk(C)'

4.5 The non-algebraically closed Case

In order to prove theorem 4.3.10, we made the assumption that the curve C' is over an
algebraically closed field k. The reason this assumption was necessary is that for a general

reciprocity functor M the local symbol at a closed point P € C' does not have a local
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description, but rather depends on the other closed points. Namely, if P is in the support

of the modulus m corresponding to a section g € M(n¢), then we have an equality

(g: f)p ==Y _ ordg(fp) Trg/k(sg(9)),
QgS

where fp is an auxiliary function for f at P. If for some reciprocity functor M we have
a local description (g; f)p = Trp/(0p(g; f))), where Op(g; ) € M(P), for every P € C,

then we can obtain a complex (C)’

M

(M Cm) () 2 @ M(P) =" M),
PeC

For such a reciprocity functor M, assuming the existence of a k-rational point Py € C(k), we

can have a generalization of theorem 4.3.10 for the complex (C)" by imposing the following

two stronger conditions on M. Namely, we make the following assumptions.

Assumption 4.5.1. Let M be a reciprocity functor for which we have a local description
of the symbol (g; f)p = Trp/k(ap(g; f)). Let A : D — C be a finite morphism. Assume

that for every h € CHy(C)(np) and every closed point P € C' we have an equality

(9®h; f)p = Trp;(9p(g, f) @ sp(h)).

Assumption 4.5.2. We assume that for every finite extension L/k we have an equality
K9(L; M, CHo(C)°) =~ T(M, CHo(C)°)(L).

Notation 4.5.3. If E/L is a finite extension and z € M(k), we will denote zp = resg ().

Theorem 4.5.4. Let M be a reciprocity functor that satisfies the assumptions 4.5.1 and
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4.5.2. Then we have an isomorphism

®': H(C') = T(M,CH(C)")(k)

(ap)pec = Y Trpjplap @ ([Pl = Py pip))):
pPeC

Proof. We start by considering the map

¢ (P M(P)/Imdg — T(M,CHy(C))(k)
PeC

(ap)pec = Y, Trpyplap @ [P)).
pPeC

The map ®’ is well defined because of the assumption 4.5.1. Restricting to H (Q’ ), we obtain

the map of the proposition. Moreover, we can consider the map

Vi T(M,CHy(C)")(k) —» H(C))

Trp (e (@ - [L(Q) - LI[Fy,L])) = (zp)prec,

with xp = Trp gy /k(p) (@), 2Py = — Tr )/ (2) and xpr = 0 otherwise. Here L/k is a finite
extension, € M(L), @ is a closed point of C' x L having residue field L(Q) that projects
to P € C under the map C' x L — C with P # Fy. We denote by k(P) the residue field of
P. The map ¥ will be well defined (using the same argument as in proposition 4.3.8), as

long as we check the following.

1. If k C L C E is a tower of finite extensions and we have elements x € M(L), y €

CH(C)(E), then W'(Trp (@ Trg 1(y)) = V' (Trgp(ep @ y)).
2. If x € M(E), y € CHo(C)*(L), then W'(Trp . (Trg () @ y)) = W'(Trg .z @ yp)).

For (1) we can reduce to the case when y = [Q] — [E(Q) : E]Fy g, for some closed point @) of
C x E with residue field E(Q). Let Q" be the projection of Q in C' x L and P the projection
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of Q" in C. Notice that we have an equality Trg,([Q)) = [E(Q) : L(QN][Q']. We compute.

Tr x), at P
V(Trpu(ep @ (Q) - [B(Q) : [P ) = BQ)/KP) )
—Trgg)/k(@), at By

V(Trp (e @ Trg ) ([Q) = [E(Q) : El[Ry.E))) =
V(Trp (e @ [B(Q) : L@(Q] — [L(Q) = L[Py,L))))

[E(Q) : L@ Trp gy jucp) (@) at P
—[E(Q) : L(Q")] Trpgry k(). at Fy.

The claim then follows by the fact that
Trp0)/kP) (@) = Trron kr) Tt E©Q)/ L) (©) = [E(Q) : Q"] Trrgn /k(p) (@):

For (2) we can again reduce to the case when y = [Q] — [L(Q) : L|[Fp 1] for some closed

point @ of C' x L with residue field L(Q). Notice that we have an equality

Qle= Y eQ/QIQ.
Q'—Q

where the sum extends over all closed points Q" of C x E such that Q' projects to Q. We
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compute

V(Tepyp(Trgy 1 (x) @ ) = @k T/ @)i@): ot P

—Trp@e(Tre/L(@)g)) at R

Trr Q) /kp) (0—q e(@Q'/Q) Trpon /@) @ r@n)), at P
—Trr ) /(-0 e(Q'/Q) Trgn /@) (@ E@))): at Fo

00 ¢(Q'/Q) Trgon /kpy (@ E(Qn): at P

_ZQ’—>Q B(Q,/Q))TI"E(Q/)/k(ZEE(Q/)), at Fp.

\

The equality Trg/7,(%) (@) = Z e(Q'/Q) Treg) /@) (@ E(qr)) follows from remark 1.3.3,
Q=@
property (MF1) in [20] if we set ¢ : Spec E — Spec L and v : Spec L(Q)) — Spec L. On the

other hand we have

V(Trgz@yp) = V() e@Q/Q) Trg (@ (1Q] - [L(Q) : LI[Py g]))
Q'—=Q

20— ¢(Q'/Q) Trgon /kp) (@ E(Qr): at P
— 200 e(Q'/Q) Trpgn k(T p@): at P

Next we need to show that the maps ®', U/ are each other inverses. It is immediate that the
composition U@’ is the identity map. For the other composition, we consider an element
z® ([Q] — [L(Q) : L][Py 1)) € T(M,CHy(C))(L). If L(Q) is the residue field of @, then Q
induces an L(Q)-rational point Q of C' x L(Q). Then we have an equality TrL(Q)/L([@D =

[Q]. By the projection formula we get an equality

v @ ((Q - [L(Q) : L][Po,L]) = Trr g1 (zriq) ® (Q] — [Po,Li))):
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we are therefore reduced to the case L(Q)) = L. Then we have

OV (Trp (e @ ([Q = [Roz))) = Trpp(Trp p(e) @ ([P] = [Powep))) =
Trp, Trp p(z @resy p([P] = [Py pp))) =

Trp (2 @ [Q] = [Po,L])-

This completes the proof of the theorem.
O

Remark 4.5.5. We note here that for the algebraically closed field case if instead of the
assumption 4.3.2, we had made the stronger assumption 4.5.1, the proof of the proposition
4.3.3 would have become simpler. The only reason we used 4.3.2 is that in general the
problem of computing the symbol (g; f)p locally is rather hard and is known only in very
few cases, namely for homotopy invariant Nisnevich sheaves with transfers, as the next

example indicates.

Example 4.5.6. Let k € &¢ be any perfect field. Let Fi,--- ,F; be homotopy invariant
Nisnevich sheaves with transfers. Then as mentioned in the previous section, the main

theorem of [22] gives an isomorphism
T<JT_-17"' aFT)(L) = ngO(L;Fb“' aFV") = K(Lafla >Fr)a

where K(L; Fy,--- ,Fr) is the Somekawa type K-group ([22],def. 5.1) and L/k is any finite
extension. In particular, let C' be a smooth, complete and geometrically connected curve
over k and P € C' be a closed point. As in the proof of lemma 4.4.4, we can reduce to the
case when F; is curve-like, for ¢ = 1,--- | r. To describe the local symbol, it therefore suffices
to consider sections g; € F;(nc) with disjoint supports. In this case, if P is in the support of

g; for some i € {1,--- ,r} and f € k(C)* is a function, then we have the following explicit
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local description of (g1 ® -+ ® gr; f)p.

(1®---@gr; flp=Trpjp(sp(g1) @~ @0p(gi, [) ® - @ sp(gr)).

Moreover, CH O(C)O is itself a homotopy invariant Nisnevich sheaf with transfers. Namely,

CHy(C)Y € RFy and hence the above formula implies that the assumption 4.5.1 is satisfied.
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